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Abstract

Exploration is a fundamental aspect of learning from trial-and-error for two main rea-
sons. First, in this type of learning, the feedback provided for agents on their decisions
is often sparse, delayed, and partial; and second, the very distribution of observations
available for agents depends on their own behavior. These two important factors differ-
entiate learning by trial-and-error from learning with direct supervision, where in the
latter a “teacher” is responsible both for providing the target responses (full feedback),
as well as for sampling the learning examples or observations. Thus, agents learning
by trial-and-error need to guarantee that their behavior provide a diverse set of exam-
ples, representative of the true underlying task or environment; in other words - they
need to explore their environment. Exploration, however, is challenging. It is particu-
larly challenging in complex environments, where decisions typically have long-term
(exploratory) consequences, which should be taken into account. Thus, learning of the
environment is required in order to effectively explore it, but such learning requires,

by itself, exploration of the environment.

The first part of this thesis describes two algorithmic approaches that deal with that
challenge. One is an uncertainty-driven exploration mechanism, relying on the intu-
ition that this challenge of “learning to explore” is analogous to the challenge of learn-
ing a value-function in Reinforcement Learning problems. The method constructs an

“exploration value function” (E-value), that can be learned online from observations
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and behavior, and serves as a measure for missing knowledge, or uncertainty, of in-
dividual state-actions. It is further shown that E-values can be applied for large (or
continuous) state-space problems, using function approximation techniques. The sec-
ond approach is a normative one, in which optimal exploration is defined as the one
maximizing a particular objective — the entropy of the visitation distribution over the
states and actions, induced by the behavioral policy. Solving this optimization problem
generates non-trivial policies even in the complete absence of external rewards, as well
as in the absence of learning — hence solving the problem of “planning to explore”, if a
complete knowledge of the environment is given. In the more realistic regime where
learning is required, it is shown how the (approximately) optimal exploration policy

can be learned from observations.

The second part of this thesis studies human exploratory behavior in light of the com-
putational principles identified by the models. For that end, human exploration was
evaluated in a set of complex environments, in which long-term consequences of ac-
tions exist in the first place. It is shown that human exploration is indeed sensitive
to such consequences, suggesting exploration strategies that propagate uncertainties
over states and actions, going beyond local measures of uncertainty. Several aspects
of human behavior in this task, including some related to learning dynamics, can be

well accounted for using the E-values model.
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Chapter 1

Introduction
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1.1 Reinforcement Learning

The ability to learn rich purposeful behaviors is a hallmark of both animal and human
cognition. Understanding how do humans and animals learn - by trial-and-error, in
unknown environments, and without direct supervision — has been a fundamental
question in psychology, cognitive sciences, and neuroscience for over a century. At the
same time, designing systems that can learn similarly, based on their own “experience”
of trial-and-error, has long been a motivating goal in the fields of Artificial Intelligence

and Machine Learning.

The computational framework of Reinforcement Learning (RL) provides one possible
formal point of contact between these two efforts (Sutton and Barto, 2018; Kaelbling
et al., 1996). RL offers a set of abstractions, techniques, and algorithms, to analyze,
and construct, different forms of trial-and-error learning. It combines concepts from

control theory and optimization with concepts from machine learning, resulting in a



flexible framework that can be used to model behavior in a broad range of tasks, from
game-playing (Tesauro, 1992; Mnih et al., 2015; Silver et al., 2017), to robotics (Gu et al.,
2017), to the control of nuclear reactors (Degrave et al., 2022). Concepts and ideas from
RL theory have also been influential in neuroscience and cognitive sciences, for study-
ing both behavior and its underlying neural basis (Schultz et al., 1997; Glimcher, 2011).
One reason for that success is that RL models offer a formalization of fundamental
psychological principles (Dayan and Niv, 2008; Niv, 2009; Mongillo et al., 2014), hence
supporting the generation of precise and quantitative predictions concerning behav-
ior and learning in diverse general environments or conditions. Moreover, the theory
can provide a normative explanation for behavior, allowing to compare it with optimal

solutions.

The modern “canonical” formulation of the RL problem is that of a Markov Decision
Process, or MDP (Puterman, 1994). An MDP models the iterative interaction between
an agent and an environment. At each time-step, the agent observes the current state of
the environment, and chooses an action. In response to that action, the environment
transfers to the next state, and provides a reward signal. The Markovian assumption
in MDPs is that both the transition to the next state and the reward (both of which
can be probabilistic) are conditionally independent of past states and actions, given the
current state and action. The objective for the agent is to find an optimal policy — a
mapping from states to actions — such as to maximize the expected cumulative (and

often temporally-discounted) reward.

Compared to the Supervised Learning (SL) scenario, RL presents a set of unique chal-
lenges, stemming from the more complicated properties of the agent-environment in-
teraction. First, unlike the typical SL scenario, RL tasks are often temporally (and
spatially) structured, such that observations made by the agent at different time-steps
are not independent and identically distributed (i.i.d). Second, in RL the agent receives
only partial feedback from environment, unlike the SL case in which the “teacher”
provides the correct response for each observation (Sutton, 1992). Finally, in RL the
distribution of examples available for the agent crucially depends on the agent’s own
behavioral policy, while in SL the examples are sampled from some (fixed, unknown)

underlying distribution, independently of the agent’s performance.



1.2 Exploration: an Overview

These challenges, and in particular the last one, make exploration a crucial component
of RL. Put simply, in order to learn an optimal policy, the agent must take into account

the fact that observations collected so far might be mis-representative of the true task.

The requirement for exploration is often discussed in the context of the exploration-
exploitation dilemma. The dilemma presents itself in the online learning case, where
the agent’s goal is to simultaneously maximize reward while learning. In that case,
there is, on the one hand, an incentive to repeat actions that have already been proven
to be beneficial, i.e., exploiting current knowledge. On the other hand, choosing solely
based on current knowledge might be suboptimal, because there could be other actions
which are better, but are not yet recognized as such. Therefore, exploration is also

necessary, even at the expense of temporary collecting more reward.

Despite much attention given to it, the exploration-exploitation dilemma is not the
only exploration-related challenge in RL. Indeed, for the reasons mentioned before,
exploration is required even in an “offline learning” settings in which the agent per-
formance is not evaluated concurrently with its learning. In that case, even if there
is no need to answer the question of when to explore (i.e., balancing exploration with
exploitation), there is still the question of how to explore. This question, in turn, yields
its own “dilemma”, which we here term the exploration conundrum: In order to ef-
fectively explore, the agent needs knowledge about the environment; but to gain such

knowledge the agent needs to effectively explore it in the first place.

One way to overcome this problem is to give up on the “effective” part of exploration. A
straightforward implementation is to add a random component to the behavior, a tech-
nique known as random exploration. By adding randomness, the agent can typically
guarantee that all reachable states and actions will, eventually, be visited. However,
random exploration can be prohibitively slow and inefficient. Therefore, a second way
to overcome the said problem is to have the agent “learning to explore”. To do so, the
agent has to track, estimate, and update any quantity that can be used to determine
what actions are valuable from an exploratory point of view. By prioritizing such
actions the agent can actively direct its exploration towards useful states or actions,

resulting in what is often termed directed exploration (Thrun, 1992).



Despite the contrast in names, directed exploration can be manifested as a random
policy, and does not have to be deterministic. Rather, the main difference is whether
the exploratory “component” of behavior is adaptive, and relies on some information
already collected by the agent, or is it a simple random-walk like policy. The natural
question to follow is, therefore: What kind of information can be useful to direct ex-
ploration? Different answers have been proposed for that question, spanning a wide
range of ideas. These include measures of novelty or surprisal (Pathak et al., 2017),
visit-counters (Auer et al., 2002; Kolter and Ng, 2009; Bellemare et al., 2016; Ostrovski
et al., 2017; Tang et al., 2017), prediction-errors (Tokic and Palm, 2011; Burda et al,,
2019), and information-theoretic quantities such as information gain (Still and Precup,
2012; Little and Sommer, 2014; Houthooft et al., 2016). Broadly speaking, the moti-
vation behind such measures is to represent some form of uncertainty the agent has

about the environment.!

A key observation for the works presented in this thesis is that useful measures for
exploration must take into account the long-term consequences of actions, and not only
their immediate outcomes. This is due to the fact that in complex environments, the un-
certainty structure can be complex: in order to fully learn about a given state-action,
the agent has to sufficiently explore the other reachable state-actions that follow it.
This general principle is relevant regardless of the particular exploration measure em-
ployed by the agent. Indeed, it will be shown how this general idea can be incorpo-
rated both in the context of counter-based exploration (Chapter 2) and in the context

of information-theoretic objectives for exploration (Chapter 3).

Accounting for the long-term exploratory consequences of actions is challenging. On
the algorithmic side, it requires models that propagate uncertainty along states and ac-
tions, and represent “global” quantities which are sensitive to the environment struc-
ture. On the experimental side, studying whether and how humans implement such
strategies requires appropriate experimental paradigms, in which long-term exploratory

consequences are present in the task to begin with. This thesis consists of two parts,

1 As opposed to uncertainty that is due to a stochastic nature of the environment itself, which in general
cannot be resolved by exploration. Uncertainty due to missing knowledge on the agent part is known as
epistemic uncertainty, while that due to stochasticity is known as aleatoric uncertainty. However, in what

follows we will not make much use of these terms.



aimed at addressing both type of challenges. The first part, which includes Chapters 2
and 3, deals with the algorithmic and computational aspects, and form the theoretical
contribution of this work. The second part, which includes Appendix A and Chapter 4,

deals with the application of the models to study exploratory behavior in humans.

1.3 Computational Modeling

The challenge of learning about the long-term consequences of exploration resembles
the standard challenge in RL of learning about delayed rewards. Indeed, as the goal
in RL is typically to maximize the expected cumulative reward, learning about the
immediate rewards alone is insufficient, and instead RL algorithms integrate reward
information over trajectories in order to learn an optimal policy. This analogy suggests
that standard RL techniques, used for learning about reward maximization, could po-

tentially also be useful for learning about exploration.

In Chapter 2, we build on this intuition and present a method for learning an “ex-
ploration value-function”. The resulting values, termed E-values, serves as a general-
ization of the familiar visit-counters. While visit-counters are local, measuring only
the immediate outcomes of each state-action (i.e., the number of times it has been vi-
sisted), our “generalized counters” are sensitive to long-term outcomes such that in
actions leading to many future potential states, each (actual) visit contributes less to
the generalized visit-counter, compared to each visit of an action that only leads to
fewer future states. This property makes E-values a useful measure for directed ex-
ploration in complex environments, in which standard visit-counters can be a poor

measure of uncertainty.

Another limitation of standard visit-counters that is alleviated by E-values is applica-
bility for problems with large or continuous state spaces. In such problems, standard
visit-counters, being a “tabular” method, are impractical, as some generalization over
states is essential. Because learning E-values is mathematically equivalent to learning
a (particular) Value function in an MDP, it can be readily applied to large or continuous

state-space problems by using function approximation techniques.

The E-values method can be thought of as a particular form of intrinsic motivation,



a concept which is deeply connected to that of directed exploration. Broadly speak-
ing, the intrinsic motivation idea is that besides the external reward, there are addi-
tional factors driving the agent learning and behavior (Schmidhuber, 1991; Storck et al.,
1995; Oudeyer and Kaplan, 2009; Barto, 2013). Intrinsically-motivated agents can gen-
erate non-trivial exploratory policies even in the complete absence of external rewards.
However, exploration in these methods will generally depend on the agent “epistemic

state”; that is, the learning process and the information collected by the agent so far.

In Chapter 3 we take a step further and ask whether exploration can be guided by a
well-defined objective, which is independent both of external rewards and of a par-
ticular state in a learning process. Such normative approach for pure exploration can
be applied even in the somewhat-extreme case of complete environmental knowledge.
The problem then becomes planning to explore rather than learning to explore — again
analogous to the optimal-control problems underlying RL. In the learning regime, an
objective function for exploration can guide the agent by providing a well-defined,

stationary, target for behavior, which does not itself change as learning progresses.

We propose an objective function for optimal exploration based on the information-
theoretical concept of a maximum-entropy distribution. Crucially, the distribution
whose entropy we seek to maximize is the distribution over visited state-actions in-
duced by the policy, and not the entropy of the policy itself. While the latter is a local
objective, which in the absence of reward will simply result in a uniform random ex-
ploration, the former is a global measure which is highly sensitive to the environment
structure. Indeed, the resulting optimal exploration policies are structured and highly

non-trivial even in the absence of any external reward.

1.4 Human Behavior

Appendix A bridges between the two parts of this thesis. We discuss the applicabil-
ity of computational models of exploration from RL to the study of human behavior.
Under experimental perspective, the role of the computational models changes — we
require of them not only to be able to solve the task at hand, but also to provide a good

or useful description of the way humans solve it. What makes a description “good” is



a complicated question, and we focus on the ability to identify, based on model predic-
tions, different principles that are manifested in human exploration. One reason this
might be challenging is that in the theory, the assumptions (either implicit or explicit)
that are built into the agents and algorithms are congruent with the actual nature of
the task. Humans, on the other hand, have their own internal and mental models of the
world, including the world of laboratory experiments, and these might be incongru-
ent with the task design as intended by the researcher. We point out some particular

examples and implications of this general issue for the study of exploratory behavior.

Another issue we discuss is that sometimes the task itself might not be rich enough to
enable the detection of some principles in the first place. As such, a major shortcoming
of prior studies of human exploration is their almost exclusive use of the multi-armed
bandit problem as the experimental paradigm. Specifically, in a bandit problem ac-
tions do not have long-term consequences, since the environment is characterized by
a single state. Therefore, the extent to which humans rely on more global measures
and strategies of exploration (of the form discussed previously) cannot be determined

by studying their behavior in bandit tasks alone.

In Chapter 4 we take a step towards solving this limitation. We study human ex-
ploration behavior using a novel experimental task, that goes beyond the bandit. In
our task actions have long-term exploratory consequences, and it is designed such
that “local” exploration techniques (e.g., counter-based) and more “global” exploration
techniques (e.g., E-values) have opposing predictions regarding behavior. Using this
task we are able to show that human exploration is in fact sensitive to long-term ex-
ploratory consequences. These findings provide a new perspective for previous works
that demonstrated directed exploration of humans in bandit tasks. The specific strate-
gies (e.g., counter-based) identified in bandit tasks might only be a special case im-
plementation of more general principles underlying human exploration: tracking and
propagating uncertainties over states and actions, and using this uncertainty to guide

exploration.

Finally, we use the E-values model (from Chapter 2) to study the patterns of learning
dynamics human participants exhibit in this task. We discuss some aspects of human
behavior which remains unexplained by this model alone, most notably their rapid

learning in this task.
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ABSTRACT

Exploration is a fundamental aspect of Reinforcement Learning, typically imple-
mented using stochastic action-selection. Exploration, however, can be more effi-
cient if directed toward gaining new world knowledge. Visit-counters have been
proven useful both in practice and in theory for directed exploration. However, a
major limitation of counters is their locality. While there are a few model-based
solutions to this shortcoming, a model-free approach is still missing. We propose
E-values, a generalization of counters that can be used to evaluate the propagat-
ing exploratory value over state-action trajectories. We compare our approach to
commonly used RL techniques, and show that using F-values improves learning
and performance over traditional counters. We also show how our method can be
implemented with function approximation to efficiently learn continuous MDPs.
We demonstrate this by showing that our approach surpasses state of the art per-
formance in the Freeway Atari 2600 game.

1 INTRODUCTION

’If there’s a place you gotta go - I'm the one you need to know.
(Map, Dora The Explorer)

We consider Reinforcement Learning in a Markov Decision Process (MDP). An MDP is a five-
tuple M = (S, A, P, R,~) where S is a set of states and A is a set of actions. The dynamics of
the process is given by P (s'|s,a) which denotes the fransition probability from state s to state s’
following action a. Each such transition also has a distribution R (r|s, a) from which the reward for
such transitions is sampled. Given a policy 7 : S — A, a function — possibly stochastic — deciding
which actions to take in each of the states, the state-action value function Q™ : S x A — R satisfies:
Q" (s,a) = E [r+7Q™ (s', 7 (s))]
r,s'~RxP(-|s,a)
where 7 is the discount factor. The agent’s goal is to find an optimal policy 7* that maximizes
QT (s, (s)). For brevity, Q™ 2 Q*. There are two main approaches for learning 7*. The first
is a model-based approach, where the agent learns an internal model of the MDP (namely P and
R). Given a model, the optimal policy could be found using dynamic programming methods such
as Value Iteration (Sutton & Barto, 1998). The alternative is a model-free approach, where the agent

learns only the value function of states or state-action pairs, without learning a model (Kaelbling
etal., 1996)!.

*These authors contributed equally to this work
!Supplementary code for this paper can be found at https: //github.com/borgr/DORA/
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The ideas put forward in this paper are relevant to any model-free learning of MDPs. For con-
creteness, we focus on a particular example, (Q-Learning (Watkins & Dayan, 1992; Sutton & Barto,
1998). @Q-Learning is a common method for learning Q*, where the agent iteratively updates its
values of @ (s, a) by performing actions and observing their outcomes. At each step the agent takes
action ay then it is transferred from s; to s;4; and observe reward r. Then it applies the update rule
regulated by a learning rate o:

Q(s1var) = (1= 0) Q (st,a) +a (1 + ymaxQ (se1,0))

1.1 EXPLORATION AND EXPLOITATION

Balancing between Exploration and Exploitation is a major challenge in Reinforcement Learning.
Seemingly, the agent may want to choose the alternative associated with the highest expected reward,
a behavior known as exploitation. However, in that case it may fail to learn that there are better
options. Therefore exploration, namely the taking of new actions and the visit of new states, may
also be beneficial. It is important to note that exploitation is also inherently relevant for learning, as
we want the agent to have better estimations of the values of valuable state-actions and we care less
about the exact values of actions that the agent already knows to be clearly inferior.

Formally, to guarantee convergence to QQ*, the Q-Learning algorithm must visit each state-action pair
infinitely many times. A naive random walk exploration is sufficient for converging asymptotically.
However, such random exploration has two major limitations when the learning process is finite.
First, the agent would not utilize its current knowledge about the world to guide its exploration. For
example, an action with a known disastrous outcome will be explored over and over again. Second,
the agent would not be biased in favor of exploring unvisited trajectories more than the visited ones
— hence ”wasting” exploration resources on actions and trajectories which are already well known
to 1t.

A widely used method for dealing with the first problem is the e-greedy schema (Sutton & Barto,
1998), in which with probability 1 — € the agent greedily chooses the best action (according to
current estimation), and with probability € it chooses a random action. Another popular alternative,
emphasizing the preference to learn about actions associated with higher rewards, is to draw actions
from a Boltzmann Distribution (Softmax) over the learned () values, regulated by a Temperature
parameter. While such approaches lead to more informed exploration that is based on learning
experience, they still fail to address the second issue, namely they are not directed (Thrun, 1992)
towards gaining more knowledge, not biasing actions in the direction of unexplored trajectories.

Another important approach in the study of efficient exploration is based on Sample Complexity
of Exploration as defined in the PAC-MDP literature (Kakade et al., 2003). Relevant to our work
is Delayed Q Learning (Strehl et al., 2006), a model-free algorithm that has theoretical PAC-MDP
guarantees. However, to ensure these theoretical guarantees this algorithm uses a conservative ex-
ploration which might be impractical (see also (Kolter & Ng, 2009) and Appendix B).

1.2 CURRENT DIRECTED EXPLORATION AND ITS LIMITATIONS

In order to achieve directed exploration, the estimation of an exploration value of the different state-
actions (often termed exploration bonus) is needed. The most commonly used exploration bonus is
based on counting (Thrun, 1992) — for each pair (s, a), store a counter C' (s, a) that indicates how
many times the agent performed action a at state s so far. Counter-based methods are widely used
both in practice and in theory (Kolter & Ng, 2009; Strehl & Littman, 2008; Guez et al., 2012; Buso-
niu et al., 2008). Other options for evaluating exploration include recency and value difference (or
error) measures (Thrun, 1992; Tokic & Palm, 2011). While all of these exploration measures can be
used for directed exploration, their major limitation in a model-free settings is that the exploratory
value of a state-action pair is evaluated with respect only to its immediate outcome, one step ahead.
It seems desirable to determine the exploratory value of an action not only by how much new im-
mediate knowledge the agent gains from it, but also by how much more new knowledge could be
gained from a trajectory starting with it. The goal of this work is to develop a measure for such
exploratory values of state-action pairs, in a model-free settings.
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2 LEARNING EXPLORATION VALUES

2.1 PROPAGATING EXPLORATION VALUES

The challenge discussed in 1.2 is in fact similar to that of learning the value functions. The value of a
state-action represents not only the immediate reward, but also the temporally discounted sum of ex-
pected rewards over a trajectory starting from this state and action. Similarly, the “exploration-value”
of a state-action should represent not only the immediate knowledge gained but also the expected
future gained knowledge. This suggests that a similar approach to that used for value-learning might
be appropriate for learning the exploration values as well, using exploration bonus as the immediate
reward. However, because it is reasonable to require exploration bonus to decrease over repetitions
of the same trajectories, a naive implementation would violate the Markovian property.

This challenge has been addressed in a model-based setting: The idea is to use at every step the
current estimate of the parameters of the MDP in order to compute, using dynamic programming, the
future exploration bonus (Little & Sommer, 2014). However, this solution cannot be implemented
in a model-free setting. Therefore, a satisfying approach for propagating directed exploration in
model-free reinforcement learning is still missing. In this section, we propose such an approach.

2.2 FE-VALUES

We propose a novel approach for directed exploration, based on two parallel MDPs. One MDP is the
original MDP, which is used to estimate the value function. The second MDP is identical except for
one important difference. We posit that there are no rewards associated with any of the state-actions.
Thus, the true value of all state-action pairs is 0. We will use an RL algorithm to “’learn” the “action-
values” in this new MDP which we denote as E-values. We will show that these F-values represent
the missing knowledge and thus can be used for propagating directed exploration. This will be
done by initializing E-values to 1. These positive initial conditions will subsequently result in an
optimistic bias that will lead to directed exploration, by giving high estimations only to state-action
pairs from which an optimistic outcome has not yet been excluded by the agent’s experience.

Formally, given an MDP M = (S, A, P, R,~) we construct a new MDP M’ = (S, A, P,0,vg)
with O denoting the identically zero function, and 0 < yg < 1 is a discount parameter. The agent
now learns both @ and E values concurrently, while initially E (s,a) = 1 for all s,a. Clearly,
E* = 0. However intuitively, the value of E (s,a) at a given timestep during training stands
for the knowledge, or uncertainty, that the agent has regarding this state-action pair. Eventually,
after enough exploration, there is no additional knowledge left to discover which corresponds to
E (s,a) — E* (s,a) = 0.

For learning E, we use the SARSA algorithm (Rummery & Niranjan, 1994; Sutton & Barto, 1998)
which differs from Watkin’s Q-Learning by being on-policy, following the update rule:

E(st,a) = (1= ag) E(st,ar) + ap (r + vpE (St41, at41))
Where ag is the learning rate. For simplicity, we will assume throughout the paper that ag = a.

Note that this learning rule updates the F-values based on FE (s;41,a:+1) rather than
max, E (st41,a), thus not considering potentially highly informative actions which are never se-
lected. This is important for guaranteeing that exploration values will decrease when repeating the
same trajectory (as we will show below). Maintaining these additional updates doesn’t affect the
asymptotic space/time complexity of the learning algorithm, since it is simply performing the same
updates of a standard Q-Learning process twice.

2.3 E-VALUES AS GENERALIZED COUNTERS

The logarithm of E-Values can be thought of as a generalization of visit counters, with propagation
of the values along state-action pairs. To see this, let us examine the case of yg = 0 in which there
is no propagation from future states. In this case, the update rule is given by:

E(s,a) «+(1—a)E(s,a)+a(0+ygE(s',d"))=(1—-a)E(s,a)
So after being visited n times, the value of the state-action pair is (1 — «)", where « is the learning

rate. By taking a logarithm transformation, we can see that log;_,, () = n. In addition, when s is
a terminal state with one action, log; _,, (E) = n for any value of vz.
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0 20 40 60 80 100
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Figure 1: Left: Tree MDP, with k leaves. Tree: log;_,, F (s, start) as function of visit cycles, for
different trees of k leaves (color coded). For each k, a cycle consists of visiting all leaves, hence k
visits of the start action. log; _,, E behaves as a generalized counter, where each cycle contributes
approximately one generalized visit.

When v > 0 and for non-terminal states, I/ will decrease more slowly and therefore log;_, E
will increase more slowly than a counter. The exact rate will depend on the MDP, the policy and
the specific value of yg. Crucially, for state-actions which lead to many potential states, each visit
contributes less to the generalized counter, because more visits are required to exhaust the potential
outcomes of the action. To gain more insight, consider the MDP depicted in Figure 1 left, a tree
with the root as initial state and the leaves as terminal states. If actions are chosen sequentially, one
leaf after the other, we expect that each complete round of choices (which will result with & actual
visits of the (s, start) pair) will be roughly equivalent to one generalized counter. Simulation of this
and other simple MDPs show that E-values behave in accordance with such intuitions (see Figure 1
right).

An important property of E-values is that they decrease over repetitions. Formally, by completing
a trajectory of the form s, ag, . . . , S, Gn, So, ag in the MDP, the maximal value of E (s;, a;) will
decrease. To see this, assume that F (s;, a;) was maximal, and consider its value after the update:

E(siya;) < (1 —a) E(si,a;) + aypE (sit1,0i41)

Because vy < land E (s;41,a:+1) < E (s, a;), we get that after the update, the value of E (s;, a;)
decreased. For any non-maximal (s;, a;), its value after the update is a convex combination of its
previous value and yg E (sg, ar) which is not larger than its composing terms, which in turn are
smaller than the maximal E-value.

3 APPLYING E-VALUES

The logarithm of E-values can be considered as a generalization of counters. As such, algorithms
that utilize counters can be generalized to incorporate E-values. Here we consider two such gener-
alizations.

3.1 E-VALUES AS REWARD EXPLORATION BONUS

In model-based RL, counters have been used to create an augmented reward function. Motivated
by this result, augmenting the reward with a counter-based exploration bonus has also been used in
model-free RL (Storck et al., 1995; Bellemare et al., 2016). E-Values can naturally generalize this
approach, by replacing the standard counter with its corresponding generalized counter (log; _,, E).

To demonstrate the advantage of using E-values over standard counters, we tested an e-greedy agent
with an exploration bonus of ﬁ added to the observed reward on the bridge MDP (Figure

2). To measure the learning progress and its convergence, we calculated the mean square error
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Ep(s,alme) [(Q (s,a) — Q* (s, a))ﬂ , where the average is over the probability of state-action pairs

when following the optimal policy 7*. We varied the value of vg from 0 — resulting effectively in
standard counters —to yg = 0.9. Our results (Figure 3) show that adding the exploration bonus to
the reward leads to faster learning. Moreover, the larger the value of g in this example the faster
the learning, demonstrating that generalized counters significantly outperforming standard counters.

3.2 E-VALUES AND ACTION-SELECTION RULES

Another way in which counters can be used to assist exploration is by adding them to the estimated
(@Q-values. In this framework, action-selection is a function not only of the (Q-values but also of
the counters. Several such action-selection rules have been proposed (Thrun, 1992; Meuleau &
Bourgine, 1999; Kolter & Ng, 2009). These usually take the form of a deterministic policy that
maximizes some combination of the estimated ()-value with a counter-based exploration bonus. It
is easy to generalize such rules using E-values — simply replace the counters C' by the generalized
counters log;_,, (E).

3.2.1 DETERMINIZATION OF STOCHASTIC DECISION RULES

Here, we consider a special family of action-selection rules that are derived as deterministic equiv-
alents of standard stochastic rules. Stochastic action-selection rules are commonly used in RL. In
their simple form they include rules such as the e-greedy or Softmax exploration described above.
In this framework, exploratory behavior is achieved by stochastic action selection, independent of
past choices. At first glance, it might be unclear how E-values can contribute or improve such rules.
We now turn to show that, by using counters, for every stochastic rule there exist equivalent deter-
ministic rules. Once turned to deterministic counter-based rules, it is again possible improve them
using E-values.

The stochastic action-selection rules determine the frequency of choosing the different actions in the
limit of a large number of repetitions, while abstracting away the specific order of choices. This fact
is a key to understanding the relation between deterministic and stochastic rules. An equivalence
of two such rules can only be an in-the-limit equivalence, and can be seen as choosing a specific
realization of sample from the distribution. Therefore, in order to derive a deterministic equivalent
of a given stochastic rule, we only have to make sure that the frequencies of actions selected under
both rules are equal in the limit of infinitely many steps. As the probability for each action is likely
to depend on the current -values, we have to consider fixed (-values to define this equivalence.
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We prove that given a stochastic action-selection rule f (a|s), every deterministic policy that does
not choose an action that was visited too many times until now (with respect to the expected number
according to the probability distribution) is a determinization of f. Formally, lets assume that given
a certain () function and state s we wish a certain ratio between different choices of actions a € A to
hold. We denote the frequency of this ratio f¢ (als). For brevity we assume s and () are constants
and denote fq (a|s) = f(a). We also assume a counter C (s, a) is kept denoting the number of
choices of a in s. For brevity we denote C' (s,a) = C (a) and )~ C (s,a) = C. When we look at
the counters after 1" steps we use subscript Cr (a). Following this notation, note that Cp = T'.

Theorem 3.1. For any sub-linear function b (t) and for any deterministic policy which chooses at

step T an action a such that CTT(") — f(a) < b(t) it holds that Va € A
. Cr(a)
o A
Proof. For a full proof of the theorem see Appendix A in the supplementary materials O

The result above is not a vacuous truth — we now provide two possible determinization rules that
achieves it. One rule is straightforward from the theorem, using b = 0, choosing arg min, Céa) -
f (a). Another rule follows the probability ratio between the stochastic policy and the empirical dis-

tribution: arg max, % We denote this determinization LL L, because when generalized counters

are used instead of counters it becomes arg max, logf (s, a) — loglog, __E (s, a).

Now we can replace the visit counters C (s, a) with the generalized counters log;_,, (E (s,a)) to
create Directed Outreaching Reinforcement Action-Selection — DORA the explorer. By this, we can
transform any stochastic or counter-based action-selection rule into a deterministic rule in which
exploration propagates over the states and the expected trajectories to follow.

Input: Stochastic action-selection rule f, learning rate «, Exploration discount factor v
initialize @ (s,a) =0, E (s,a) = 1;
foreach episode do
init s;
while not terminated do
Choose a = arg maxy, log fo (x|s) — loglog,_,, E (s, x);
Observe transitions (s, a,r, s’,a’);
Q(s,a)+ (1—a)Q(s,a)+a(r+ymax, Q (s, x));
E(s,a) « (1—a)E(s,a)+aypE (s,d);
end

end
Algorithm 1: DORA algorithm using LLL determinization for stochastic policy f

3.3 RESULTS — FINITE MDPs

To test this algorithm, the first set of experiments were done on Bridge environments of various
lengths k (Figure 2). We considered the following agents: e-greedy, Softmax and their respective
LLL determinizations (as described in 3.2.1) using both counters and E-values. In addition, we
compared a more standard counter-based agent in the form of a UCB-like algorithm (Auer et al.,

2002) following an action-selection rule with exploration bonus of 4/ b%t. We tested two variants

of this algorithm, using ordinary visit counters and E-values. Each agent’s hyperparameters (e and
temperature) were fitted separately to optimize learning. For stochastic agents, we averaged the
results over 50 trials for each execution. Unless stated otherwise, vz = 0.9.

We also used a normalized version of the bridge environment, where all rewards are between 0 and
1, to compare DORA with the Delayed @)-Learning algorithm (Strehl et al., 2006).

Our results (Figure 4) demonstrate that F-value based agents outperform both their counter-based
and their stochastic equivalents on the bridge problem. As shown in Figure 4, Stochastic and
counter-based e-greedy agents, as well as the standard UCB fail to converge. E-value agents are
the first to reach low error values, indicating that they learn faster. Similar results were achieved
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Figure 4: MSE between () and QQ* on optimal policy per episode. Convergence measure of all
agents, long bridge environment (k = 15). FE-values agents are the first to converge, suggesting
their superior learning abilities.

on other gridworld environments, such as the Cliff problem (Sutton & Barto, 1998) (not shown).
We also achieved competitive results with respect to Delayed () Learning (see supplementary B and
Figure 7 there).

The success of E-values based learning relative to counter based learning implies that the use of
FE-values lead to more efficient exploration. If this is indeed the case, we expect F-values to better
represent the agent’s missing knowledge than visit counters during learning. To test this hypothesis
we studied the behavior of an E-value LLL Softmax on a shorter bridge environment (k = 5). For
a given state-action pair, a measure of the missing knowledge is the normalized distance between its

estimated value (Q) and its optimal-policy value (Q*). We recorded C, log, _, (F) and ‘ Qé? ‘ for

each s, a at the end of each episode. Generally, this measure of missing knowledge is expected to
be a monotonously-decreasing function of the number of visits (C'). This is indeed true, as depicted
in Figure 5 (left). However, considering all state-action pairs, visit counters do not capture well the
amount of missing knowledge, as the convergence level depends not only on the counter but also on
the identity of the state-action it counts. By contrast, considering the convergence level as a function
of the generalized counter (Figure 5, right) reveals a strikingly different pattern. Independently
of the state-action identity, the convergence level is a unique function of the generalized counter.
These results demonstrate that generalized counters are a useful measure of the amount of missing
knowledge.

4 F-VALUES WITH FUNCTION APPROXIMATION

So far we discussed E-values in the tabular case, relying on finite (and small) state and action spaces.
However, a main motivation for using model-free approach is that it can be successfully applied in
large MDPs where tabular methods are intractable. In this case (in particular for continuous MDPs),
achieving directed exploration is a non-trivial task. Because revisiting a state or a state-action pair
is unlikely, and because it is intractable to store individual values for all state-action pairs, counter-
based methods cannot be directly applied. In fact, most implementations in these cases adopt simple
exploration strategies such as e-greedy or softmax (Bellemare et al., 2016).

There are standard model-free techniques to estimate value function in function-approximation sce-
narios. Because learning E-values is simply learning another value-function, the same techniques
can be applied for learning E-values in these scenarios. In this case, the concept of visit-count —
or a generalized visit-count — will depend on the representation of states used by the approximating
function.

To test whether E-values can serve as generalized visit-counters in the function-approximation case,
we used a linear approximation architecture on the MountainCar problem (Moore, 1990) (Appendix
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C). To dissociate (@ and E-values, actions were chosen by an e-greedy agent independently of FE-
values. As shown in Appendix C, E-values are an effective way for counting both visits and gen-
eralized visits in continuous MDPs. For completeness, we also compared the performance of LLL
agents to stochastic agents on a sparse-reward MountainCar problem, and found that LLL agents
learns substantially faster than the stochastic agents (Appendix D).

4.1 RESULTS — FUNCTION APPROXIMATION

To show our approach scales to complex problems, we used the Freeway Atari 2600 game, which is
known as a hard exploration problem (Bellemare et al., 2016). We trained a neural network with two
streams to predict the Q and E-values. First, we trained the network using standard DQN technique
(Mnih et al., 2015), which ignores the E-values. Second, we trained the network while adding an

exploration bonus of \/ﬁ)ﬁ to the reward (In all reported simulations, 5 = 0.05). In both cases,

action-selection was performed by an e-greedy rule, as in Bellemare et al. (2016).

Note that the exploration bonus requires 0 < E < 1. To satisfy this requirement, we applied a
logistic activation fucntion on the output of the last layer of the E-value stream, and initialized the
weights of this layer to 0. As a result, the F-values were initialized at 0.5 and satisfied 0 < E < 1
throughout the training. In comparison, no non-linearity was applied in the last layer of the ()-value
stream and the weights were randmoly initialized.

We compared our approach to a DQN baseline, as well as to the density model counters suggested
by (Bellemare et al., 2016). The baseline used here does not utilize additional enhancements (such
as Double DQN and Monte-Carlo return) which were used in (Bellemare et al., 2016). Our results,
depicted in Figure 6, demonstrate that the use of E-values outperform both DQN and density model
counters baselines. In addition, our approach results in better performance than in (Bellemare et al.,
2016) (with the mentioned enhancements), converging in approximately 2 - 10° steps, instead of
10 - 106 steps?.

5 RELATED WORK

The idea of using reinforcement-learning techniques to estimate exploration can be traced back to
Storck et al. (1995) and Meuleau & Bourgine (1999) who also analyzed propagation of uncertain-
ties and exploration values. These works followed a model-based approach, and did not fully deal
with the problem of non-Markovity arising from using exploration bonus as the immediate reward.
A related approach was used by Little & Sommer (2014), where exploration was investigated by
information-theoretic measures. Such interpretation of exploration can also be found in other works
(Schmidhuber (1991); Sun et al. (2011); Houthooft et al. (2016)).

Efficient exploration in model-free RL was also analyzed in PAC-MDP framework, most notably
the Delayed @ Learning algorithm by Strehl et al. (2006). For further discussion and comparison of
our approach with Delayed ) Learning, see 1.1 and Appendix B.

In terms of generalizing Counter-based methods, there has been some works on using counter-like
notions for exploration in continuous MDPs (Nouri & Littman, 2009). A more direct attempt was
recently proposed by Bellemare et al. (2016). This generalization provides a way to implement visit
counters in large, continuous state and action spaces by using density models. Our generalization is
different, as it aims first on generalizing the notion of visit counts themselves, from actual counters to
’propagating counters”. In addition, our approach does not depend on any estimated model — which
might be an advantage in domains for which good density models are not available. Nevertheless,
we believe that an interesting future work will be comparing between the approach suggested by
Bellemare et al. (2016) and our approach, in particular for the case of vy = 0.

We used an existing implementation for DQN and density-model counters available at
https://github.com/brendanator/atari-rl. Training with density-model counters was an order of magnitude
slower than training with two-streamed network for E-values
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Figure 5: Convergence of () to Q* for individual state-action pairs (each denoted by a different
color), with respect to counters (left) and generalized counters (right). Results obtained from E-
Value LLL Softmax on the short bridge environment (k = 5). Triangle markers indicate pairs with
“east” actions, which constitute the optimal policy of crossing the bridge. Circle markers indicate

state-action pairs that are not part of the optimal policy. Generalized counters are a useful measure
of the amount of missing knowledge.
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A PROOF OF THE DETERMINIZATION THEOREM

The proof for the determinization mentioned in the paper is achieved based on the following lem-
mata.

Lemma A.1. The absolute sum of positive and negative differences between the empiric distribution
(deterministic frequency) and goal distribution (non-deterministic frequency) is equal.

Cla) _ C(a)
Z f(a)—T—— Z f(a)—T

a:f(a)><5 a:f(a)< <52

Proof. Straightforward from the observation that

S =3 -

Lemma A.2. Foranyt

max { S0 ) < L0

Proof. The proof of A.2 is done by induction. Fort =1
vaea: &0 — f(a) =maX{Ct (a) *f(a)}

t a t
Hence we look at a € A.
Ci (a)
t

Ct (a
t
1+0b(1)
1
assume the claim is true for ¢ = T then for ¢ = T + 1 There exists a such that Cr (a) /T — f (a) <
b (t) which the algorithm chooses for this a. For it

~

—f(a) <

<

Crale) pgy=Cr@tl_

T+1 T+1
_ Cr(a)
=731 f@tr g
_Cr(@-(T+Df@) 1
T+1 T+1
1+b(t)
=TT

It also holds that Va’ € As.t. o' # a

Cr41 (a) _ Cr(a)
‘%&Tf_fm%";;1_fW)
:C'T(a)f(Tle)f(a)
T+1
Cr(a) —Tf(a)
T+1
_L4b()
- T+1

O

Proof of 3.1. Tt holds from A.2 together with A.1 that in the step ¢ in the worst case all but one of
the actions have c%m) — f(a) = 1 and the last action has f(a) — % = —w%l. So by the bound
on sum of positives and negatives we get:

Cr(a)

= f(a)

lim
T—o0
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Figure 7: Normalized MSE between () and Q* on optimal policy per episode. Convergence of
E-value LLL and Delayed ()-Learning on, normalized bridge environment (k = 15). MSE was
noramlized for each agent to enable comparison.

B COMPARISON WITH DELAYED (Q-LEARNING

Because Delayed () learning initializes its values optimistically, which result in a high MSE, we
normalized the MSE of the two agents (separately) to enable comparison. Notably, to achieve this
performance by the Delayed () Learning, we had to manually choose a low value for m (in Figure 7,
m = 10), the hyperparameter regulating the number of visits required before any update. This is an
order of magnitude smaller than the theoretical value required for even moderate PAC-requirements
in the usual notion of €, d, such m also implies learning in orders of magnitudes slower. In fact,
for this limit of m — 1 the algorithm is effectively quite similar to a ”Vanilla” @)-Learning with
an optimistic initialization, which is possible due to the assumption made by the algorithm that all
rewards are between 0 and 1. In fact, several exploration schemes relying on optimism in the face
of uncertainty were proposed (Walsh et al., 2009). However, because our approach separate reward
values and exploratory values, we are able to use optimism for the latter without assuming any prior
knowledge about the first — while still achieving competitive results to an optimistic initialization
based on prior knowledge.

C EVALUATING F-VALUES DYNAMICS IN FUNCTION-APPROXIMATION

To gain insight into the relation between E-values and number of visits, we used the linear-
approximation architecture on the MountainCar problem. Note that when using E-values, they are
generally correlated with visit counts both because visits result in update of the E-values through
learning and because E-values affect visits through the exploration bonus (or action-selection rule).
To dissociate the two, Q-values and E-values were learned in parallel in these simulation, but action-
selection was independent of the E-values. Rather, actions were chosen by an e-greedy agent. To
estimate visit-counts, we recorded the entire set of visited states, and computed the empirical visits
histogram by binning the two-dimensional state-space. For each state, its visit counter estimator
C' (s) is the value of the matching bin in the histogram for this state. In addition, we recorded the
learned model (weights vector for E-values) and computed the E-values map by sampling a state
for each bin, and calculating its E-values using the model. For simplicity, we consider here the
resolution of states alone, summing over all 3 actions for each state. That is, we compare C (s)
to > log,_, E(s,a) = Cg (s). Figure 8 depicts the empirical visits histogram (left) and the es-
timated E-values for the case of yg = 0 after the complete training. The results of the analysis
show that, roughly speaking, those regions in the state space that were more often visited, were also
associated with a higher C (s).

13
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Figure 8: Empirical visits histogram (left) and learned Cg (right) after training, v = 0.

To better understand these results, we considered smaller time-windows in the learning process.
Specifically, Figure 9 depicts the empirical visit histogram (left), and the corresponding Cg (s)
(right) in the first 10 episodes, in which visits were more centrally distributed. Figure 10 depicts
the change in the empirical visit histogram (left), and change in the corresponding Cg (s) (right) in
the last 10 episodes of the training, in which visits were distributed along a spiral (forming an near-
optimal behavior). These results demonstrate high similarity between visit-counts and the E-value
representation of them, indicating that F-values are good proxies of visit counters.
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Figure 9: Empirical visits histogram (left) and learned C'g (right) in the first 10 training episodes,
YE = 0.
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Figure 10: Difference in empirical visits histogram (left) and learned C'g (right) in the last 10 train-
ing episodes, yg = 0.

The results depicted in Figures 9 and 10 were achieved with vy = 0. For vg > 0, we expect the
generalized counters (represented by E-values) to account not for standard visits but for "generalized
visits”, weighting the trajectories starting in each state. We repeated the analysis of Figure 10 for
the case of v = 0.99. Results, depicted in Figure 11, shows that indeed for terminal or near-
terminal states (where position> 0.5) generalized visits, measured by difference in their generalized
counters, are higher — comparing to far-from terminal states — than the empirical visits of these states

(comparing to far-from terminal states).
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Figure 11: Difference in empirical visits histogram (left) and learned C'g (right) in the last 10 train-
ing episodes, yg = 0.99. Note that the results are based on a different simulation than those in
Figure 10.

To quantify the relation between visits and F-values, we densely sampled the (achievable) state-
space to generate many examples of states. For each sampled state, we computed the correlation

coefficient between C; (s) and C (s) throughout the learning process (snapshots taken each 10

episodes). The values C (s) were estimated by the empirical visits histogram (value of the bin
corresponding to the sampled state) calculated based on visits history up to each snapshot. Figure
12, depicting the histogram of correlation coefficients between the two measures, demonstrating
strong positive correlations between empirical visit-counters and generalized counters represented
by E-values. These results indicate that E-values are an effective way for counting effective visits
in continuous MDPs. Note that the number of model parameters used to estimate F (s, a) in this
case is much smaller than the size of the table we would have to use in order to track state-action
counters in such binning resolution.
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Figure 12: Histogram of correlation coefficients between empirical visit counters and C'g throughout
training, per state (yg = 0).

D RESULTS ON CONTINUOUS MDPS — MOUNTAINCAR

To test the performance of E-values based agents, simulations were performed using the Mountain-
Car environment. The version of the problem considered here is with sparse and delayed reward,
meaning that there is a constant reward of 0 unless reaching a goal state which provides a reward
of magnitude 1. Episode length was limited to 1000 steps. We used linear approximation with tile-
coding features (Sutton & Barto, 1998), learning the weights vectors for () and E in parallel. To
guarantee that E-values are uniformly initialized and are kept between 0 and 1 throughout learning,
we initialized the weights vector for F-values to 0 and added a logistic non-linearity to the results
of the standard linear approximation. In contrast, the Q-values weights vector was initialized at
random, and there was no non-linearity. We compared the performance of several agents. The first
two used only @)-values, with a softmax or an e-greedy action-selection rules. The other two agents
are the DORA variants using both ) and F values, following the L L L determinization for softmax
either with yg = 0 or with yg = 0.99. Parameters for each agent (temperature and ¢) were fit-
ted separately to maximize performance. The results depicted in Figure 13 demonstrate that using
E-values with v > 0 lead to better performance in the MountainCar problem

In addition we tested our approach using (relatively simple) neural networks. We trained two neural
networks in parallel (unlike the two-streams single network used for Atari simulations), for pre-
dicting ) and E values. In this architecture, the same technique of 0 initializing and a logistic
non-linearity was applied to the last linear of the E-network. Similarly to the linear approximation
approach, E-values based agents outperform their e-greedy and softmax counterparts (not shown).
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Figure 13: Probability of reaching goal on MountainCar (computed by averaging over 50 simula-
tions of each agent), as a function of training episodes. While Softmax exploration fails to solve the
problem within 1000 episodes, LLL FE-values agents with generalized counters (vg > 0) quickly
reach high success rates.
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Learning Optimal Exploration: a Maximum Entropy Approach
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Abstract

Efficient exploration is crucial for the perfor-
mance of agents in complex environments.
Exploration has been traditionally studied in
the framework of Reinforcement Learning, in
which the objective is maximizing a reward
function. Here, we consider the question of
optimal exploration independently of a reward-
maximizing goal. We define the exploratory
fitness of a policy as the entropy of its in-
duced discounted visitation distribution. We
start with the planning scenario, showing how
an optimal exploration policy can be found ef-
ficiently when the transition model is known,
and study its properties. Then, we discuss
learning, showing how the principles of this
optimal exploration can be applied when the
transition model is unknown, for both model-
based and model-free learning.

1 Introduction

Exploration is typically considered in the framework of
Reinforcement Learning (RL) as a way of finding the
policy that maximize the expected long-term (possibly
discounted) reward. In this framework, all policies are
equally good in the absence of rewards. However intu-
itively, even in the absence of any rewards some poli-
cies are more “effective” — from an exploratory point of
view — than others. The goal of this work is to present
a framework that formalizes this intuition by defining
an optimality criterion for exploration, and to study the
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properties of the resulting optimal exploration policies.
We posit that an optimal exploratory policy is one which
efficiently covers as much of the environment as possi-
ble. In what follows, we mathematically define both “ef-
ficiently” and “covers”.

Most previous works attempting at similar goals sug-
gested some form of “intrinsic motivation” (Storck et al.,
1995; Chentanez et al., 2005; Oudeyer and Kaplan, 2009)
which could serve as an internal reward signal for the
agent. Such internal rewards could be based on visit
counters (Bellemare et al., 2016; Tang et al., 2017; Os-
trovski et al., 2017; Fox et al., 2018), prediction errors
(Pathak et al., 2017; Burda et al., 2019), information
gain (Little and Sommer, 2014; Still and Precup, 2012;
Houthooft et al., 2016), and other related ideas to mea-
sure exploratory usefulness of states (Thrun, 1992). We
could characterize most of these as using some measure
of the agent’s own learning (e.g. visits of novel states, or
changes in the estimated parameters of the environment’s
model) as a reinforcement signal (Schmidhuber, 1991).
By contrast, the quality of exploration in our framework
is an intrinsic property of the policy, which is indepen-
dent of the “internal state” (or the particular history) of
the agent.

In §2 we define the settings and the objective function
for optimal exploration, and show how the optimization
problem of finding such optimal exploration policy can
be solved efficiently when the model of the environment
is known. In §3 we demonstrate this approach using
several challenging environments and study the result-
ing policies. In §4 we discuss the case when the model
is unknown, and the exploration policy has to be learned
from observations — in both model-based and model-free
frameworks. We conclude with a more detailed review
of related work, and a further discussion.



2 Optimality criterion for exploration:
Maximum-Entropy approach

2.1 Settings and the objective function

We consider the settings of a Markov-Decision-Process
(MDP) M = (S, A, P,r,pY%), where S is the set of
states, A is the set of actions, P (s'|s,a) is the transi-
tion model, 7 (s,a) is the reward function (which will
not play any role in this work), and p% (s) is a distribu-
tion over initial states. For clarity, we assume that the
number of actions available at each state is equal, but our
approach and results can be easily generalized when this
is not the case.

Any stationary policy m — a (stochastic) mapping from
states to actions — induces a distribution over trajectories
7 = (80,00, $1,01, - ..), which factorizes according to
the Markov property:

Py [7] = p (s0) 7 (ao]s0) H P (s]si—1ai-1) 7 (a|st)
t>0
(M

Central to our work is the notion of the discounted vis-
itation distribution induced by a policy w. This distri-
bution, over state-action pairs, measures the occupancies
of each such pair when trajectories are generated by the
policy 7 (i.e, sampled according to Equation (1)), with
future visits contributing less due to the exponential zem-
poral discounting with factor 0 < v < 1. We denote this
distribution, for a policy 7 and a discount factor -, as p7:

Py (s,a) = (I—W)Z’Yt Z Pr[7]

=0 T:St=8,ar=a

~+

where the (1 — ) pre-factor is required for proper nor-

malization, such that 3 _  p7 (s,a) = 1. Explicitly
marginalizing time, this could be written as:
pr(s,a) = (1=7) > y'P [s,d] 2)
t=0

where P [s,a] is the probability of visiting (s,a) at

time ¢.

We postulate that an optimal-exploration policy is one
that maximizes the entropy of the induced discounted
visitation distribution over the state-action pairs. In other
words, a policy that results in visits of all state-action
pairs as uniformly as possible, and as early as possible.
This poses the following optimization problem:

T = arg m;ixH [pﬂ 3)

where H [] is the standard information-theoretic entropy
of a distribution.

2.2 Basic properties of p7

For a stationary policy , it is clear from equation (1) that
the sequence of visited state-action pairs forms a Markov
Chain, with the transition matrix W™: sa.s'al

P (s|s’,a’)m (a|s) (where we index entries by state-
action pairs). Furthermore, the initial distribution over
state-action pairs, which we define as p?, is: p° (s,a) =
p2 (s) m (a|s). Note that p° (s, a) = P [s, a).

Lemma 1. p7 is the unique solution to equation p =
(1 —7) p° +~YW7p. That is:

py=(1=7)(I-yW™)~" p° @)

Lemma 2. Let p) be the discounted visitation distribu-

tion induced by the policy w. Then for any state s with

non-zero (marginal) probability under p7: 7 (als) =
Pl (s.a)

2o P (s,07)

The proofs are standard and can be found in the literature
(e.g (Wang et al., 2007; Puterman, 1990)). For complete-
ness, we include proofs using our notation in the supple-
mentary material.

2.3 Finding an optimal exploration policy

Solving the optimization problem of Equation (3) di-
rectly is challenging, because the induced discounted
visitation distribution pfyr is a complicated, non-linear
function of the policy m (Equation (4)). We therefore
present an alternative approach, inspired by dual meth-
ods in classical RL (Wang et al., 2007).

The key observation is that instead of maximizing over
policies, it is possible instead to optimize directly over
state-action probability distributions, under appropriate
constraints (which we define below). Again, this is anal-
ogous to solving standard RL problem by optimizing
such probabilities rather than the value function or the
policy. Clearly, an arbitrary probability distribution p
over state-action pairs is not necessarily realizable as the
discounted visitation distribution of any policy . If,
however, p satisfies the “self-consistency” condition(s)
in the form appearing in Lemma 1, then it is guaranteed
that a corresponding 7 exist such that p = p7. Moreover
such 7 is easily constructed from p itself (in the same
way as in Lemma 2).

Note that 7 explicitly appears in Lemma 1. Therefore,
to complete the argument, the constraints on p must be
re-written so as to omit the explicit dependencies on T,
which are due to W™ and p° being functions of 7. The
following theorem establishes this, and form the basis for
our main algorithm (Algorithm 1). This reduces the opti-
mization problem in 3 to a standard, convex optimization



Algorithm 1 Maximum-Entropy optimal exploration

Input MDP M = (S A, Py, pg), discount factor ~y
Solve the following optimization problem to get p*:

— I
max  — 3" p(s,a)logp(s,0)

s.t p(s,a) >0, Zp(s,a) =1,
D p(s,a) =(1=9)p%(s)

+7)_p(sd) Pls|s,a]

Output exploration policy 7* (als) = %

problem — finding a maximum-entropy distribution under
linear constraints.

Theorem 3. Assume p (s, a) is a distribution over state-
action pairs, such that for every state s, the following
condition holds:

D p(s,d)=(1=7)p%()+7 D p(s',d') P(s|s',a’)

! !’
s’ a

(5)
p(s,a)

Let 7 (a|s) = ST o5 Then, p = pZ.

The proof is provided in the supplementary material.

3 Properties of optimal exploration

To study the properties of the proposed optimal explo-
ration, we apply it in several environments. We show
that the resultant policies are able to implicitly overcome
key challenges for effective exploration, such as balanc-
ing short-term and long-term outcomes, and achieving
“determined” exploration which is temporally extended.

3.1 Temporally extended exploration

We consider a variant of the well-known N-chain MDP
(Strens, 2000), depicted in Figure 1(a). The environment
consists of IV states sq,...,sy. At each state, the agent
can either “Step”, advancing to the next state, or “Exit”,
returning to the initial state s;. In sy, both actions lead
back to s;.

In this environment, a uniform policy explores very
poorly, because its probability of reaching a state de-
creases exponentially fast with the number of “Steps”
required to reach it. Indeed, as shown in Figure 1(b),
the optimal exploration policy (Algorithm 1) is biased

towards ’Step’, allowing the agent to explore more uni-
formly the different state-actions. The tendency to take
the “Step” action depends on the specific location in the
chain, k£ in an inverted U-shape manner. For small k
states, the probability to “Step” increases with k because
the larger k, the more sparsely visited are the subse-
quent states. Near the end of the chain, the probability
of “Step” decreases because there are not so many states
left to explore ahead.

To quantify the effectiveness of the optimal exploration
policy, Figure 1(c) depicts the entropy of the discounted
visitation distributions of several policies, as a function
of the environment size IN. The entropy of p7 is almost
independent of the size of the chain for uniform explo-
ration (purple) indicating that this policy fails to explore
in but the smallest environments. By contrast, for opti-
mal exploration (red), the entropy of pZ increases with
the size of the chain, indicating that optimal exploration
can well-cover much larger environments. For compari-
son, the simple always “step” heuristic (gray) does sub-
stantially better than a uniform policy, but is still sub-
optimal. This is because we require maximal entropy of
a distribution over state-actions, and not only states.

3.2 Diverse exploration

In general, the optimal exploration policy is stochastic,
yielding a distribution of trajectories. To see that, con-
sider the gridworld MDP depicted in Figure 2. The envi-
ronment is a large gridworld, consisting of four rooms
separated by walls, with only 1-tile sized “doorways”
connecting different rooms. Reaching the lower-left cor-
ner from the top-left corner requires the agent to pass
through 3 specific state-action pairs (namely, go through
the aforementioned “doorways”), which are unlikely to
be reached in random exploration. Indeed, the dis-
counted visitation distribution of a uniform exploration
policy (Figure 2(a)) decays exponentially fast with the
geodesic distance (i.e. the distance of the shortest trajec-
tory) from the initial state, and trajectories rarely get out
of the first room, exhibiting dithering behavior around
the initial state (Figure 2(b)). This exemplifies, again,
the inefficiency of random exploration in MDPs in which
a large number of specific actions is needed in order to
reach some of the states. By contrast, our maximum-
entropy approach finds a policy that achieves temporally
extended exploration (Figures 2(c) and 2(d)). This is
despite the fact that the policy is purely reactive and
memoryless, and does not rely explicitly on any form
of temporal-abstractions such as options (Sutton et al.,
1999).

Comparing Figures 2(a) and 2(c), it is worthwhile not-
ing that while in 2(a) the distribution decreases mono-
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Figure 1: Results on N-chain MDP. (a) Illustration of the environment. The agent start at s, and at each state can
choose between “step” and “exit”. (b) The optimal exploration policies (probability of choosing “step” at each state)
for different values of v (N = 30, v = 0.999). (¢) The entropy of p7, (y = 0.999) for a uniform policy (7r), a policy
that always chooses “step” (7s), and the optimal exploration policy (7*) in different environment sizes.

tonically with the (geodesic) distance from the initial
state, the discounted visitation distribution of the optimal
exploration policy (Figure 2(c)) has significant modes
around the doorways. These modes result in a visita-
tion distribution that locally, is less uniform than that of
a random policy but allows for a more uniform global
visitation by identifying the bottlenecks in the environ-
ment.

Importantly, while being sampled from the same station-
ary policy, different optimal policy trajectories exhibit
diverse paths, typically visiting all four rooms (Figure
2(d)). This allows the policy to explore — on average —
nearby locations (e.g, the first room) while also quickly
reach remote states (e.g, the fourth room).

3.3 Discounted exploration

The parameter v controls the effective length of the ex-
ploratory trajectories. In the limit of v = 0, the dis-
counted visitation distribution is reduced to the initial
distribution (over state-actions), that is pJ = p°. In this
case, an optimal solution is achieved by setting the pol-
icy to be uniform in each state which has non-zero ini-
tial probability (under p2). This exploratory policy does
not take into consideration the long-term consequences
of exploration beyond the immediate action. In the limit
of v = 1 p7 reduces to the stationary distribution of
the Markov-chain induced by 7, when this distribution
exists. In particular, the stationary distribution is inde-
pendent of the initial distribution p¥. Since there is no
discounting, later visits of state-action pairs contribute
just as much as early visits. When 0 < ~ < 1, the dis-
counting sets an effective length for trajectories, beyond
which contribution to the discounted visitation distribu-
tion is negligible. In this case, an optimal exploration

policy has to “well cover” the state-action space — on av-
erage — with finite-length trajectories.

In some reinforcement-learning settings, the agent
chooses between small rewards available immediately
and larger rewards in the long-term. In such a case the
optimal policy depends on the discount factor, which
determines the trade-off between short- and long-term
goals. Similarly, the optimal exploration policy will
depend on the discount factor if there is a conflict be-
tween short-term and long-term exploratory goals. The
results depicted in Figure 3 demonstrates that even in a
relatively-simple MDP, the dependence of the optimal
exploration policy on the discount factor is non-trivial.
The agent in this environment has 4 possible actions.
Specifically, from the initial state (red square) it can go
left to explore the smaller but closer room, or go right
to explore the bigger, but farther away room. In this
case, the optimal exploration policy at the initial state
(i.e, the preference for going right or left) depends in a
non-monotonic way on v, as depicted in Figure 3 (right).
When « = 0, all four actions have the same exploratory
value because only the immediate exploration (initial
visit) is considered. As -y increases, going left becomes
favorable since it leads to many potential states (the small
room to the left). As ~ further increases, the contribu-
tion from reaching the bigger room (farther to the right)
becomes significant, and the preference is switched to-
wards going right. In the limit when ~ reaches 1, all
four actions are again equally preferable. This is because
in such a domain, a random-walk policy will result in
a uniform stationary distribution, due to the underlying
diffusion-like dynamics.
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Figure 2: Gridworld MDP consists of four large rooms (25 x 25 tiles each), separated by walls and connected only
through 1-tile sized “doorways”. The initial state is the upper-left corner. We use v = 0.99. All sampled trajectories
are of length " = 500. Left: log-probability map of the discounted visitation distribution (actions marginalized
out) (a) and randomly chosen examples of sampled trajectories (b) for a uniform policy, choosing actions with equal
probability. Right: log-probability map of the discounted visitation distribution (actions marginalized out) (c) and
randomly chosen examples of sampled trajectories (d) for the optimal exploration policy. Note the difference in color

scales between (a) and (c).
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Figure 3: Up: Gridworld MDP. Red tile denotes the
initial state sg, and gray tiles are walls. The agent could
move left to explore a relatively small room (6 x 3 tiles)
that is nearby (one tile away), or move right to explore
a bigger room (20 x 11 tiles) which is further away (22
tiles). Down: The optimal exploration policy for actions
Right (blue), Left (orange) at s, as a function of . The
probabilities for actions Up, Down (not shown) are equal
to each other throughout. Dashed horizontal line denotes
probability 0.25, where all actions are chosen uniformly.

4 Learning with optimal exploration

Optimal exploration when the parameters MDP are fully
known is an interesting theoretical question. It is com-
parable to the planning problem of finding optimal pol-
icy (in the sense of maximizing reward) when the MDP
is fully known. However typically, the goal of explo-
ration is to learn the MDP or a good policy. Therefore,
we now turn to discuss how optimal exploration policy
can be learned when the parameters of the MDP are not
known. We consider two approaches to this problem:
one is model-based, in which the parameters of the MDP
are learned concurrently with the learning of the optimal
exploration policy. In the other, the exploration policy is
learned directly from experience.

4.1 Model-Based learning of exploration

As shown in §2, the optimal exploration policy can be
efficiently computed if the parameters of the MDP are
known. Complementary to that, a good exploratory pol-
icy facilitates the learning of these parameters. We pro-
pose to learn the MDP parameters and the optimal explo-
ration policy iteratively. Ateach “epoch”, the agent com-
putes the optimal exploration policy (using Algorithm 1)
according to its current estimated model of the environ-
ment (which can also be the prior in the beginning of
learning). The resultant policy is then executed in the
environment to collect more samples, and the agent im-
prove its model estimation.

The effectiveness of this procedure is exemplified in Fig-
ure 4(a) for the chain MDP (presented in Figure 1(a)).
Initially, the policy is uniform. Within 30 episodes (80
steps per episode) the policy converges to the optimal
exploration policy. We quantified the model learning us-



ing Missing-Information — the sum of KL-divergences
deaDrr {P(~\s,a) | P [-|s,a}} where P is the esti-
mated model (Little and Sommer, 2014). Trivially, our
procedure (blue) converges much faster than a random
explorer (orange) which fails for this environment. Re-
markably, learning was also faster than that of a similar
iterative approach, in which the exploration policy was
defined in terms of maximizing the (long-term) predic-
tive information gain (VI-PIG, green; (Little and Som-
mer, 2014)).

4.2 Optimal exploration by Policy Gradient

Next, we consider a model-free scenario in which an
agent learns a policy directly, without explicitly estimat-
ing the transition model. We rely on policy gradient
methods to learn an approximated optimal exploration
policy, by optimizing an objective function that we de-
fine below.

Let 7 = (s0,a0,...,87,ar) be a trajectory. We
define the discounted visit counters as C(s,a) =
Zthoyt]l[st:&at:a]. Note that for T — oo, we
have (1 —7)E [C’ (s, a)} = pJ (s,a). Based on these,
we define the empirical visitation distribution, and use
its entropy to define the return of a trajectory. For-

mally: Ren (7) = 725,(1155(1 log Pun. Where fuy —
C’(s,a) .
S O(sa (See Algorithm 2).

Note that the defined objective (“reward”) is a function
of an entire trajectory, and cannot be decomposed to sum
of Markovian rewards. Nevertheless, Policy Gradient
methods can still be used to optimize such reward func-
tions (see also (Shalev-Shwartz et al., 2016)). Learning is
used to optimize E [Repy (7)]. Due to Jensen’s inequality,
E [Ren (7)] < H [pZ] (Paninski, 2003), so by optimiz-
ing the expected return [E [Rey (7)] we optimize a lower-
bound on the original objective — the entropy of the dis-
counted visitation distribution. Note that this bound can
be tightened if we calculate pg, based on averaging sev-
eral trajectories.

We demonstrate this approach in the chain MDP, track-
ing Rey and H [p7] throughout the learning process (of
7). Note that neither the true distribution p7 nor its en-
tropy are known to the agent. Nevertheless, as depicted
in Figure 4(b), learning indeed optimizes Ry and Rep is
a lower bound of H [pg] Therefore, learning improves
the desired objective of H [pz] , in this example leading
to a policy whose entropy is indistinguishable from that
of the optimal exploration policy.

Algorithm 2 Policy Gradient for learning exploration
init policy parameters 6, Learning rate 7, discount fac-
tor vy
repeat

Rollout 7 in the environment to sample trajectory 7

Deﬁ{le C(s,a) = ZtT:o Y, =s,ar=a]> Psa =
C bl ~ ~
%, Rent (1) = — Zs,a Dsa l0g Psq-

Update  parameters: 0 +— 0 +
N (Rent (1) —b) >, Vlogm (as|s;) {b is an
optional baseline}

until converged

4.3 Function approximation

For MDPs with continuous (or very large) state-space,
one may try to apply Algorithm 2 by using density mod-
els (e.g (Bellemare et al., 2016; Fox et al., 2018; Tang
et al., 2017; Ostrovski et al., 2017)) to approximate the
(empirical) visitation distribution. However, there are
several challenges. First, this approach relies on the
existence of such counters or models. Second, it can
be challenging to estimate ps, because the denomina-
tor (3., C (s', @) requires the integration over the en-
tire state-action space, which can be intractable in many
problems. Therefore, we considered an alternative sim-
pler approach. The main idea is to apply algorithm 2
in feature space, rather than in the actual state-space.
These features do not have to form a counting or a den-
sity model, and could be (but do not have to be) the set
of features used by the policy.

We demonstrate this approach using the MountainCar
MDP (Moore, 1990). The state-space (position and
velocity) is featurized using random Fourier features
(Rahimi and Recht, 2008; 2009). The learned policy is
log-linear in these predefined features (see Supplemen-
tary Material). Our objective is to find the policy that
maximizes the entropy of the discounted “visitation” dis-
tribution in feature space. We approximated this entropy
by binarizing the features and computing the empirical
discounted distribution (probability of being “on”) of ev-
ery feature. The return (R.,) was then defined as the
mean of binary entropies across all features. This is a
rather crude approximation, ignoring both the analog na-
ture of the features and the correlations between them.
Nevertheless, as depicted in Figure 5, we find that in
practice, this approach is very effective, yielding useful
exploratory behavior in this problem. To test the gener-
ality of this approach, we also applied it to the Acrobot
MDP (Sutton, 1996), using the same features and entropy
approximation. As shown in the Figure 6, our approach
yields effective and useful exploratory behavior in this
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Figure 4: Model-based and model-free learning in the chain-MDP introduced in Figure 1(a) (N = 30, v = 0.999,
Episode length limited to 80 steps). (a) Model-based learning. All agents stated from a uniform prior. For the non-
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agent starts with a random policy and is trained to optimize R, (see main text and Algorithm 2). This optimizes a
lower-bound on the entropy of p7 (which is unavailable to the agent). The policy-gradient algorithm used is vanilla
REINFORCE (Williams, 1992) with baseline subtraction (average of R, over last 20 episodes). Average results over
60 simulations, shaded region and error bars denote standard deviations ((a) and (b)).

problem as well. In fact we find that the learned poli-
cies readily reach the goal state using pure exploration,
despite the fact that this was not an explicit goal in the
learning process, and the agents never observe the “ex-
ternal” reward of the environment (Figure 7). Together,
these results demonstrate the potential of this approach
for exploration in environments with sparse or delayed
rewards, in which complex behavior(s) has to be learned
before any external reward is observed.

5 Discussion and related work

We presented a novel approach for defining optimal ex-
ploration in the absence of reward signals. In our frame-
work, the goal is to maximize the entropy of the dis-
counted visitation distribution induced by the policy.
We showed how the resultant optimal policies overcome
key challenges of exploration in MDPs, namely achiev-
ing temporally extended exploration and balancing long-
term and short-term exploratory outcomes. We pre-
sented an efficient algorithm for finding optimal explo-
ration policy when the transition model of the MDP is
known, as well as an approximating model-free algo-
rithm that maximizes a lower-bound on the aforemen-
tioned entropy.

The discounted visitation distribution rises naturally in
standard RL settings, where it can be used to compute
the value-function of a given policy (Puterman, 1990).
The reason for its centrality is the fact that this distribu-
tion encodes the statistics of all future (including tem-

poral discounting) states visited by starting at a given
initial condition. This fact underlies the motivation of
using these multiple distributions — one for each “initial”
state-action pair — as a useful representation of the state-
action itself, a concept known as the Successor Repre-
sentation (SR) (Dayan, 1993), making the value-function
linear in the representation. However, one important lim-
itation of this approach is that the representation itself is
policy-dependent. Moreover, there is no natural method
for simple, online, “improvement” procedure analogue
to the policy-improvement step in value-based methods.
By contrast, in our work, the goal is to find a specific op-
timal policy for which the specific induced visitation dis-
tribution has a desired property (of maximum entropy).
Moreover, we take a particular initial-state distribution to
be part of the MDP definition, and this distribution is not
necessarily concentrated on a single state-action pair. As
we have shown, in order to learn (or compute) that op-
timal policy, it is possible to use various forms of state
representations, either tabular, or approximated.

There is a vast literature on exploration in RL. Partic-
ularly relevant for this work are approaches which dis-
associate exploration from external reward and rely on
some sort of “intrinsic motivation”, as discussed in §1
(and references therein).

Another aspect of exploration that is relevant to this
work is the challenge of achieving temporally-extended
(sometimes referred to as “deep”) exploration (Osband
et al., 2016a;b). Independently of reward, this can be ad-
dressed in the framework of model-based learning (Little
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Figure 5: (a) The MountainCar MDP. (b) Median “reward” Ry (solid line; 60 simulations) increases with learning
(see text). Shaded region denotes 25 — 75 percentile. (c) Illustration of the learning process, showing a policy and its
induced visitation distribution at learning episodes 0 (initilaization, random policy), 50, 100, and 300. Top row depicts
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cover the (reachable) state-space much more uniformly, comparing to a random policy. Notably, the learned policy

generate diverse trajectories rather than choosing a particular trajectory.
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Figure 6: Results on the Acrobot MDP (Sutton, 1996). (a) Median “reward” R.p (solid line; 60 simulations) increases
with learning. Shaded region denotes 25 — 75 percentile. (b), (¢) Histograms of (undiscounted) state visits in 100
sampled trajectories from a random policy and from a trained policy, respectively. Visits are shown in the 66> plane
for visualization only — the original state-space include angular velocities 91, 6, as well.

and Sommer, 2014). Recently, generalized counters have trolled by .
been proposed (Fox et al., 2018) as a method account-
ing for long-term consequences of exploration. These
generalized counters have been effectively implemented
in model-free RL (Fox et al., 2018; Oh and Iyengar,
2018). In our work, temporally-extended exploration is
achieved by defining a global objective which depends
on the interaction of the policy with the MDP dynamics.
This yields policies that take into account the future con-
sequences of actions, where the relevant future is con-

Entropy-based objectives for exploration has been previ-
ously proposed. However, most of those studies consid-
ered the entropy of the policy itself (Mnih et al., 2016;
Schulman et al., 2017; Haarnoja et al., 2018). This
approach, however, does not take into account the ex-
ploratory long-term consequences of actions. As a re-
sult, in the absence of (external) reward, these methods
imply that an optimal exploration policy is to choose ac-
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Figure 7: Proportion of agents (out of 60 simulated
agents) to reach the goal state per episode for the Moun-
tainCar MDP (a) and the Acrobot MDP (b). Agents
learn to reach goal by pure exploration, without ever ob-
serving any external rewards.

tions with equal probability. Independently of our work,
a recent study has proposed the same objective of maxi-
mizing the entropy of the discounted visitation distribu-
tion for exploration (Hazan et al., 2018). There are sev-
eral notable differences between that study and our work.
First, when the MDP is known, we show how a single
stationary policy can be efficiently computed from the
MDP (§2.3), rather than finding a mixture policy, as pro-
posed there. This approach also enabled us to study the
properties of the optimal exploration policy (§3). Sec-
ond, we propose a different solution in the case of un-
known MDPs. One advantage of our algorithm is that it
can be readily combined with standard RL methods for
maximizing average reward. For example, one can ap-
ply Policy Gradient learning on a linear combination of
the external reward and the exploration objective func-
tion Ry (Algorithm 2). Finally, we propose a method
for maximizing exploration in the feature space. This
method is applicable for continuous-state MDPs without
relying on density models for the state-space.

Learning complex behavior in the absence of reward
have also been studied from the perspective of options,
and in particular options discovery (Sutton et al., 1999;
Machado and Bowling, 2016; Machado et al., 2017). Our
approach yields policies which diversely cover the state-
space while also identifying important bottleneck states
(e.g. Figure 2), however it does not explicitly rely on
temporal-abstractions or non-stationary policies.

In the context of standard RL problems, effective explo-
ration should also be sensitive to the reward signal, be-
cause it is typically more useful to explore around the
state-actions that are estimated to be more valuable. In
such tasks our pure exploration approach can be com-
bined with reward-based learning. Optimal exploration
is particularly relevant to tasks in which the reward func-
tion is not stationary. Such tasks are common in neu-
roscience, where animals are often trained to repeatedly

search for food pallets placed in random locations in a
known environments (Knierim et al., 1995; Spiers et al.,
2013). Other relevant settings are task-agnostic RL sce-
narios, in which the goal is to learn an environment in
the absence of rewards, in order to later quickly solve
(possibly multiple) reward-related tasks.
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A Proofs of lemmas and theorem

Lemma 1. p7 is the unique solution to equation p = (1 —79)p® +~yW7p. That is:
T=(1-) (I-yW) ! p° (1)

Proof. By definition,
py (s,a) = (1 - Z'ytP(t) s, al )

Separating the sum in equation (2) tot = O and ¢ > O ylelds.

oo
P (s,0) = (1 =) PO [s,a] + 7 (1= 7)Y _y'PLHY [s,q]
t=0
The first summand is by definition (1 — ) p° (s, a). For the second summand, because the visited
state-actions form a Markov chain, then:

t+1 /
( ) E sa,s’a’ 7r S @ ]
s’,a’

and therefore

Zryt]P(H—l) S a Z sa,s’a’ (1 - FY) ivtpgrt) [5/70“/]
t=0 t=0
Z sa,s a’p'y 5 a )

s'a’

Combining both terms yields the following recursive equation (in vector form):
Pl = (1—7)p° +7W™p] 3)

Rearranging terms completes the proof. Note that I — YW is non-singular because W7 is a
stochastic matrix and therefore its largest eigenvalue (in absolute value) is equal to 1. Because
0 < <1, p is the unique solution to equation (3). O

Lemma 2. Let p) be the discounted visitation distribution induced by the policy m. Then for any

state s with non-zero (marginal) probability under p7: 7 (a|s) = %
a Y\

Proof. Since the policy is stationary, for every ¢ we have pY [s,a] = P [s] 7 (a]s). Using the
definition of p7 (s,a) (Equation (2)) and substituting the former identity yields the result. O

Theorem 3. Assume p (s, a) is a distribution over state-action pairs, such that for every state s, the
following condition holds:

Z ps,a)=(1=7)p%(s)+7 > p(sa)P(sls',a) )
Let 7 (als) = S (;(:)a,) Then, p = pr.

Proof. We assume ) _, p (s,a’) > 0 for all states. If this is not the case for a particular state s, then
we can arbitrarily define 7 (a|s) = ‘i

Multiplying Equation (4) by 7 (a|s) = Ef)(:(f)a,) yields

p(s,a) = (1—=7)p&(s)7(als) +~ ) P(sls’,a)m(als) p(s',a’)
s’ a’
where the first summand is (1 — 7) p° (s, @) and the second summand is v
Therefore, we get the following vector equation:
p=01-7p"+7Wp
Using Lemma 1 completes the proof, since p7 is the unique solution to the last equation. O

Wsa s’ a’p(s a )

s’ a’



B Maximum-Entropy exploration in feature-space: linear policies with
random features

Here we provides the technical details regrading the implementation of our approach to the Moun-

tainCar and Acrobot problems (§4.3). We standardized the observations (so that entries of the state

vectors s has 0 mean and unit variance), and constructed random features of the state-space using a
variant of Random Kitchen Sinks with Fourier features' [2, 3]:

V2
@i (s) = N cos (a;'s + b;)
where a;, b, are random vectors with a ~ N (0,2al) and b ~ U [0, 27]. « and d are parameters
(where d is the number of features). All reported results are using d = 20. The feature space was

constructed by concatenating two such feature vectors with o = 1 and o = 0.5. We denote the
feature-vector for a given state as ¢ (s).

Figure 1 illustrate a particular set of such random features in the MountainCar MDP (in which the
original state space is two dimensional, position and velocity):

-HIRRE NS
2NN ] el
NS AERNG
NP I
TN

Position
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Figure 1: Example of 40 random features for the MountainCar MDP.

The policy is parameterized by a matrix W of dimensions |.A| x 2d, such that 7 (-|s) < exp{W ¢ (s)}.
The score function for this model is:

81/?/”- log 7 (als) = ¢; (s) (6ia — 7 (ai]s)) )
Given a sampled trajectory (episode) 7 = (s1, a1, ..., s, ar), we calculate, for each feature, the

(discounted) probability of being positive:
T
_ Zi=07 Lpus0>0
Zfzo 7

The return of the trajectory is then defined to be the average (over features) of the binary entropies of
these probabilities:

qi

1 2d
Rew (1) = 55 > Ha [ai] (©)
=1

where Hs [q] = —qlogs ¢ — (1 — ¢) log, (1 — q). Note that 0 < Rep < 1.

Taken together, Equations (5) and (6) specify the required quantities for the Policy Gradient learning
rule discussed in the main text (§4.2 and §4.3).

'Implemented by the RBFSAMPLER function in Scikit [1]
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On the computational principles underlying
human exploration

Lior Fox* Ohad Dan'! Yonatan Loewenstein*
lior.fox@mail.huji.ac.il ohad.dan@gmail.com yonatan@huji.ac.il
Abstract

Adapting to new environments is a hallmark of animal and human cognition, and Re-
inforcement Learning (RL) models provide a powerful and general framework for studying
such adaptation. A fundamental learning component identified by RL models is that in
the absence of direct supervision, when learning is driven by trial-and-error, exploration
is essential. The necessary ingredients of effective exploration have been studied exten-
sively in machine learning. However, the relevance of some of these principles to humans’
exploration is still unknown. An important reason for this gap is the dominance of the
Multi-Armed Bandit tasks in human exploration studies. In these tasks, the exploration
component per se is simple, because local measures of uncertainty, most notably visit-
counters, are sufficient to effectively direct exploration. By contrast, in more complex
environments, actions have long-term exploratory consequences that should be accounted
for when measuring their associated uncertainties. Here, we use a novel experimental task
that goes beyond the bandit task to study human exploration. We show that when local
measures of uncertainty are insufficient, humans use exploration strategies that propagate
uncertainties over states and actions. Moreover, we show that the long-term exploration
consequences are temporally-discounted, similar to the temporal discounting of rewards in
standard RL tasks. Additionally, we show that human exploration is largely uncertainty-
driven. Finally, we find that humans exhibit signatures of temporally-extended learning,
rather than local, 1-step update rules which are commonly assumed in RL models. All
these aspects of human exploration are well-captured by a computational model in which
agents learn an exploration “value-function”, analogous to the standard (reward-based)
value-function in RL.

Introduction

When encountered with a novel setting, animals and humans explore their environment. Such
exploration is essential for learning which actions are beneficial for the organism and which
should be avoided. The speed of learning, and even the learning outcome, crucially depends on
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the “quality” of that exploration: for example, if as a result of poor exploration some actions
are never chosen, their effects are never observed, and hence cannot be learned. More generally,
a fundamental difference between learning by trial and error and Supervised Learning scenarios
is that in the latter, the distribution of examples is controlled by the “teacher”, whereas in the
former, the distribution of examples that the agent gets to observe depends on the agent’s own
behavioral policy. Therefore, in order to successfully learn a good policy by trial and error,
agents need to take into account uncertainty when choosing actions, reflecting the fact that the
observations collected so far might mis-represent the actual quality of the different actions.

Learning by trial and error is often abstracted in the framework of the computational problem
of Reinforcement Learning (RL) (Sutton and Barto, 2018): An agent makes sequential decisions
in an unknown environment; at each time-step, it observes the current state of the environment,
and chooses an action from a set of possible actions. In response to this action, the environment
transfers the agent to the next state, and provides a reward signal (which can also be zero or
negative). The ultimate goal of the agent is to learn how to choose actions — i.e, learn a policy
— such as to maximize some performance metric, typically the expected cumulative reward.

Exploration algorithms in RL differ in the particular way they address uncertainties. Random
exploration, in which a random component is added to the policy (e.g., a policy otherwise max-
imizing based on current estimates) is, arguably, the simplest way of incorporating exploration.
By adding randomness, the agent is bound to eventually accumulate information about all
states and actions. More sophisticated exploration methods, referred to as directed exploration
(Thrun, 1992), attempt to identify and actively choose the specific actions that will be more
effective in reducing uncertainty. To do that, the agent needs to track and update some esti-
mate or measures of uncertainty associated with different actions. For example, the agent can
use visit-counters: keep track of the number of times each action was chosen in each state, and
prioritize those actions that have previously been neglected (Auer et al., 2002; Bellemare et al.,
2016; Tang et al., 2017; Ostrovski et al., 2017).

The intuition behind counter-based methods can be made precise in the important case of
Multi-Armed Bandit problems (or bandit problems, for short). In a k-armed bandit, the envi-
ronment is characterized by a single state and k actions (“arms”), each associated with a reward
distribution. Because these distributions are unknown, and feedback (i.e., a sample from the
distribution) is given only for the chosen arm at each trial, exploration is needed to guaran-
tee that the best arm (i.e., the one associated with the highest expected reward) is identified.
Bandit problems are theoretically well-understood, with various algorithms having optimality
guarantees, under some statistical assumptions (for a comprehensive review see Lattimore and
Szepesvari, 2020). Particularly, counter-based methods (e.g., UCB, Auer et al., 2002) can be
shown to explore optimally in bandit tasks, in the online-learning sense of minimizing regret.

Human exploration has been studied extensively in bandit and bandit-like problems (Shteingart
et al., 2013; Wilson et al., 2014; Mehlhorn et al., 2015; Gershman, 2018; Schulz et al., 2020).
Because these are arguably the simplest form of RL problems, they offer a clean and potentially
well-controlled framework for experiments (Fox et al., 2020). The strong theoretical foundations
are another appeal for experimental work, because behavior can be compared with well-defined
algorithms, and, potentially, also with an optimal solution.

However, generalizing conclusions about human exploration from behavior in bandit tasks to
behavior in more complex environments is not trivial. In a bandit task, an action that was
chosen less times is, everything else being equal, exploratory more valuable compared to one
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that was chosen more often. By contrast, visit-counters alone might be a poor measure of
uncertainty in complex environments, because they completely ignore future consequences of
the actions (Figure 1a). Indeed, the limitations of naive counter-based exploration in structured
and complex environments have been discussed in the machine learning literature, and different
exploration schemes that take into account the long-term exploratory consequences of actions
have been proposed (Storck et al., 1995; Meuleau and Bourgine, 1999; Osband et al., 2016a,b;
Chen et al., 2017; Fox et al., 2018).

Our goal here is to study the extent to which human exploration is sensitive to long-term
consequences of actions, as opposed to counter-based exploration. Crucially, this question
cannot be addressed in the common bandit problems paradigm, because general exploration
algorithms are reduced to counter-based methods when they are faced with a bandit problem.
Thus, even if humans do (approximately) use some general, beyond visit-counters, directed
exploration strategies, they will likely manifest as counter-based strategies in bandit tasks.
Therefore, we set out to study exploration in a novel task that addresses these issues. First, we
show that humans take into account the long-term exploratory consequences of their actions
when exploring complex environments (Experimental results). Next, we model this exploration
using an RL-like algorithm, in which agents learn exploratory “action-values” and use these
values to guide their exploration (Computational modeling).

Results

Experimental results
Sensitivity to future consequences of actions

To test the hypothesis that human exploration is sensitive to the long-term consequences of
actions, we conducted an experiment that formalizes the intuition presented in the Introduction
(see Figure 1a). In the experiment (denoted as “Experiment 1”), participants were instructed to
explore a novel environment, a maze of rooms, by navigating through the doors connecting those
rooms (Figure 1b). Each room was identified by a unique background, a title, and the number
of doors in that room. No reward was given in this task, but participants were instructed to
“understand how the rooms are connected” (see Methods). Testing participants in a task devoid
of clear goal and rewards is somewhat unorthodox. We go back to this point in the Discussion
section.

Three groups of participants were tested, each in a different maze as is described in Figure 1c
(top): In all mazes, there was a start room () with two doors, each leading to a different room.
One of these rooms, a multi-action room (Mp) was endowed with ng doors, while the other,
denoted as My, was endowed with n;, doors. All three mazes were unbalanced, in the sense that
ng > nr. Between the different mazes, we varied nr — ny, while keeping nr + ny = 7 constant.
The locations of the doors leading to Mgz and M were counterbalanced across participants.
For clarity of notation, we refer to them as “right” and “left”, respectively. All other remaining
rooms were endowed with only a single door. After going through these single-door rooms, a
participant would reach a common terminal room (7'). There, they were informed that they
reached the end of the maze and then they were transported back to S. Overall, each participant
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Figure 1: Directed exploration in complex environments. (a) In a bandit problem (left), actions have no
long-term consequences. In complex environments (right), actions have long-term consequences as particular
actions might lead, in the future, to different parts of the state-space. In this example, these parts (shaded areas)
are of different size. As a result, the local visit-counters are no longer a good measure of uncertainty. In this
example, as should be, in general, chosen more often compared to a; in order to exhaust the larger uncertainty
associated with it. (b) Participants were instructed to navigate through a maze of rooms. Each room was
identified by a unique background image and a title. To move to the next room, participants chose between
the available doors by mouse-clicking. Background images and room titles (Armenian letters) were randomized
between participants, and were devoid of any clear semantic or spatial structure. (c) The three maze structures
in Experiment 1 (Top) have a root state S (highlighted in yellow) with two doors. They differ in the imbalance
between the number of doors available in future rooms Mp and My, (ng : ng — 4:3, 5:2, 6:1). Consistent with
models of directed exploration that take into account long-term consequences of actions, and unlike counter-
based models, participants exhibited bias towards room Mg, deviating from a uniform policy (Bottom, bars and
error-bars denote mean and 95% confidence interval of pr; number of participants: n = 161;120; 137. Statistical
significance, here and in following figures: * : p < 0.05, ** : p < 0.01; *** : p < 0.001).

visited S (of the one particular environment they were assigned to) 20 times.

Since there was no reward, all choices in this task are exploratory. If participant’s exploration
is driven by visit-counters, then we expect that the frequencies in which they choose each of the
doors in S, denoted pr and p;,, would be equal. By contrast, if they take into consideration the
long-term consequences of their actions, then we would expect them to choose the right door
more often (resulting in pg > pr). In line with the hypothesis that participants are sensitive
to the long-term consequences of their actions, we found that averaged over all participants
in the three conditions, pr > pr (pr = 0.54, 95% confidence interval: pr € [0.518,0.563]).
Considering each group of participants separately, significant bias in favor of pr was observed
in the 6:1 (pr = 0.572, n = 137, 95% CI: [0.528,0.617]) and the 5:2 groups (pr = 0.549,
n = 120, 95% CI: [0.506,0.592]), but not in the 4:3 group (pr = 0.507, n = 161, 95% CIL:
[0.472,0.541]).

We hypothesized that the larger the imbalance (ng —ny), the stronger will be the bias towards
Mp, (larger pgr). To test this hypothesis, we compared the biases of participants in the different
groups (Figure 1c). As expected, the average pg in the 5:2 and 6:1 groups was significantly
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larger than that of the 4:3 group (p < 0.05 and p < 0.01 respectively, permutation test, see
Methods). The average pgr in the 6:1 group was larger than that of the 5:2 group. However,
this difference was not statistically significant (p = 0.17).

The results depicted in Figure 1c indicate that on average, human participants are sensitive to
the exploratory long-term consequences of their actions. Considering individual participants,
however, there was substantial heterogeneity in the biases exhibited by the different partici-
pants. While some chose the right door almost exclusively, others favored the left door. We next
asked whether some of this heterogeneity across participants reflects more general individual-
differences in exploratory strategies, which would also manifest in their exploration in other
states. To test this hypothesis, we focused on state Mpg. In this state, exploration is also
required because there are ng different alternatives to choose from. However, unlike in state S,
these alternatives do not, effectively, have long-term consequences. As such, choosing an action
in Mg is a bandit-like task. Thereofre, directed exploration in Mg is expected to be driven by
visit-counters, such that participants would equalize the number of times each door in My is
selected. Note that this is not a strong prediction, because random exploration will, on average,
also equalize the number of choices of each door. Yet, directed and random exploration have
diverging predictions with respect to the temporal pattern of choices in Mg. Specifically, with
pure directed exploration (that is driven by visit-counters), participants are expected to avoid
choosing the same door that they chose the last time that they visited Mg. Consequently,
the probability of repeating the same choice in consecutive visits of Mg, which we denote by
Prepeats 1S €xpected to vanish. By contrast, random exploration predicts that prepeat = 1/7p-
Figure 2 (Top) depicts the histograms (over participants) of prepeat in the three experimental
conditions, demonstrating that participants exhibited substantial variability in prepeat- While
for some participants pyepeat Was close to 0, as predicted by pure directed exploration, for others
it was similar to 1/ng, as predicted by random exploration. Many other participants exhibited
Prepeat that was even larger than 1/ng, indicating that, potentially, choice bias and / or mo-
mentum also influenced choices in the task. Based on the predictions of directed and random
exploration, we divided participants into two groups, depending on the quality of exploration
in Mp: “good” directed explorers, in which prepeat < 1/ng, and “poor” directed explorers, in
which Prepeat > 1/ng (Figure 2 Top, dots and diagonal stripes, respectively).

Is the quality of directed exploration in the bandit-like task of state My informative about di-
rected exploration in S?7 To address this question, we computed the histograms of pg separately
for the “good” and “poor” directed explorers (Figure 2 Bottom). Averaging within each group
we found that indeed, pr among the “poor” explorers was not significantly different from chance
in any of the three conditions (Figure 3a), consistent with the predictions of random explo-
ration. By contrast, among “good” explorers, there was a significant bias in the 5:2 (pg = 0.597,
n =53, 95% CI: [0.537,0.652]) and the 6:1 (pr = 0.612, n = 71, 95% CI: [0.544, 0.678]) groups
(Figure 3b). These findings show that participants that avoid repetition in the bandit task are
also more sensitive to the long-term exploratory consequences of their actions. We conclude
that those participants who tend to perform good directed exploration in Mg also perform
good directed exploration in S. Crucially, the implementation of directed exploration in the
two states is rather different. In Mpg, where different actions have no long-term consequences,
“good” explorers rely on visit-counters that are the relevant measure of uncertainty, resulting in
an overall uniform choice. By contrast in S, actions do have long-term consequences, and “good”
explorers go beyond the visit-counters, biasing their choices in favor of the action associated
with more future uncertainty.



177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

# Subjects
= N w
o o o o

©
o

0.5
Prepeat

0.5

Prepeat

# Subjects

0.0 0.25 0.5 0.75 1.0
PR

0.0 0.25 0.5 0.75 1.0
Pr

Figure 2: Heterogeneity in exploration strategies. Top: Histograms of prepeat at state Mp (highlighted
in yellow) for participants in the three conditions of Experiment 1 (left to right: ng = 4,5,6). Dashed vertical
line represents the value expected by chance, 1/ng. Based on their prepeat values, we divided participants into
“good” and “poor” directed explorers (dotted and striped patterns, respectively; “good” explorers proportion:
40%, 44%,51%). Bottom: Histograms of pr at state S (highlighted in yellow), for the “good” and “poor”
directed explorers groups.

Temporal discounting

In the previous section we showed that if the future exploratory consequences of the actions are
one trial ahead, humans are sensitive to these consequences. It is well known that in humans
and animals, the value of a reward is discounted with its delay (Vanderveldt et al., 2016).
We hypothesized that similar temporal discounting will manifest in evaluating the exploratory
“usefulness” of actions. To test this prediction, we conducted Experiment 2 on a new set of
participants. Similar to Experiment 1, Experiment 2 consisted of 3 different maze structures.
The imbalance between the number of possible outcomes was kept fixed across 3 mazes, at
ng = b and n;, = 2. However, the depth at which these outcomes occur, relative to the
root state S, varied between 1 (as in Experiment 1) to 3 (Figure 4, Top). The depth of Mg
determines the delay between the choice made at S and its exploratory benefit. In the presence
of temporal discounting of exploration, we therefore expect pr to decrease with the depth of
M.

To test this prediction, we divided participants to “good” and “poor” directed explorers, as in
Experiment 1, based on the degree of prepeat in Mp. As depicted in Figure 4, both the “poor”
and “good” explorers exhibited a bias in favor of “right” in S. For the “good” explorers, a larger
delay was also associated with a smaller bias.
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Figure 3: “Poor” and “good” directed explorers. Choice biases at state S (pr) analyzed separately for
“poor” and “good” explorers (striped and dotted patterns; divided based on their exploration in Mg, see Figure 2)
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Figure 4: Temporal discounting of exploratory consequences. The three mazes in Experiment 2 (Top)
had the same imbalance (ng = 5, n, = 2), however we varied the depth of My (and My) relative to the
root state S (left to right: depth = 1,2,3). “Poor” and “good” directed explorers (striped and dotted patterns,
respectively) were divided by their prepeat value at Mp (same as in Experiment 1, see Figure 2). Bars and
error-bars denote mean and 95% confidence interval of pg. Number of participants n = 99;92, 121;84, 153;85

79,

(“poor”; “good”).
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The dynamics of exploration

Insofar, we demonstrated that human participants exhibit directed exploration in which they
take into their considerations the future exploratory consequences of their action. To bet-
ter understand the computational principles underlying this directed exploration, we revisit
the question of why explore in the first place. One possible answer to this question is that
exploration is required for learning. According to this view, actions are favorable from an
exploratory point of view when they are associated with, or lead to other actions associated
with, high uncertainty, missing knowledge, and other related quantities (Schmidhuber, 1991;
Still and Precup, 2012; Little and Sommer, 2014; Houthooft et al., 2016; Pathak et al., 2017;
Burda et al., 2019). An alternative, that has received some attention in the machine learning
literature, is that exploration could be driven by its own normative objective (Machado and
Bowling, 2016; Hazan et al., 2019; Zhang et al., 2020; Zahavy et al., 2021). For example, such
objective could be to maximize the entropy of the discounted distribution of visited states and
chosen actions (Hazan et al., 2019). Experimentally, the difference between the two approaches
will be particularly pronounced towards the end of a long experiment. When all states and
actions had been visited sufficiently many times, everything that can be learned has already
been learned. Thus, if the goal of exploration is to facilitate learning, then exploratory behavior
is expected to fade over time. By contrast, if exploration is driven by a normative objective,
then we generally expect behavior to converge to a one that (approximately) maximizing this
objective, and hence maintaining asymptotic exploratory behavior.

Specifically considering Experiment 1 and 2, we do not expect any bias in S (pg = 0.5) in the
beginning of the task, because participants are naive and are unaware of the different long-term
consequences of the two actions. With time and learning, we expect participants to favor Mg
over My (pr > 0.5). This prediction holds either if participants are driven by the goal of
reducing the (long-term) uncertainty associated with Mg, or by the goal of optimizing some
exploration objective, such as to match the choices per door in My and M. In other words,
both approaches predict that with time, pr will increase. With more time elapsing, however,
the predictions of the two approaches diverge. As uncertainty decreases, uncertainty-driven
exploration predicts a decay of pg to its baseline value (p};, = 0.5). By contrast, the normative
approach predicts that pr will converge to a pj, > 0.5 steady-state.

Figure 5 depicts the temporal dynamics of pg (¢), as a function of the number of times ¢ that
S was visited (defined as “episodes”). The learning curves are shown separately for the “poor”
(Figure 5a) and “good” (Figure 5b) explorers, averaged over all 6 conditions of Experiments
1 and 2. As expected, there was no preference in the first episodes. However, with time,
the participants developed a bias in favor of Mg, which was more pronounced in the “good”
directed explorers group. In this group, participants exhibited a significant bias, pg (t) > 0.5
from the 3™ episode. Notably, this increased bias was followed by a decrease to a steady
state bias value (episodes 10 — 20). This steady state value was lower than its peak transient
value (consistent with uncertainty-driven exploration), but was higher than baseline level before
learning (consistent with a normative exploration objective).
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Figure 5: Learning dynamics. Bias towards Mg as a function of training episode (pg (t)), averaged over
participants in all 6 conditions (Experiments 1 & 2), shown for the “poor” (a) and “good” (b) groups. The
“good” explorers exhibited a transient peak in pg (t), consistent with models of uncertainty-driven exploration.
However, the steady-state value p} was still slightly larger than chance, consistent with an objective-driven
exploration component. Dots and shaded areas denote mean and 95% confidence interval of pg (t).

Computational modeling

The model

Together, the two experiments of the previous sections provide us with the following insights:
(1) Humans exploration is affected by long-term consequences of actions (Figure 1c); (2) Both
the number of future states and their depth affect this exploration (Figure 3 and Figure 4);
and finally, (3) Exploration dynamics peaks transiently and then decays, consistent with an
uncertainty-driven exploration (Figure 5).

In theorizing about effective exploration we have alluded to concepts such as “exploratory
value” or “usefulness” of particular actions, but did not provide a precise working definition for
it. In this section we consider a specific computational model for directed exploration, and test
this model in view of these experimental findings. The model is a general-purpose algorithm
for directed exploration, which formalizes the intuition that the challenge of exploration in
complex environments is analogous to the standard credit-assignment problem in RL (in the
reward-maximization sense).

According to the model, the agent observes the current state of the environment s at each
time-step and chooses an action a from the set of possible actions. In response to this action,
the environment transfers the agent to the next state s’, at which the agent chooses action a'.
Each state-action pair (s, a) is associated with an exploration value, denoted F (s, a) (Fox et al.,
2018). These exploration values represent a current estimate of “missing knowledge”, such that
a high value indicates that further exploration of that action is beneficial. At the beginning
of the process, F-values are initialized to a positive constant (specifically E = 1), representing
the largest possible missing knowledge. Each transition from s, a to §',a’ triggers an update to
E (s,a) according to the following update rule:

E(s,a) <+ E(s,a) +n(—FE(s,a) +vE (s',d")) (1)

In words, the change in E (s,a) is a sum of two contributions. The first, —FE (s,a), is the

9
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immediate reduction in the uncertainty regarding state s and action a due to the current visit
of that state-action. The second, vF (s', a’) represents future uncertainty propagating back to
(s,a). This second part is weighted by a discount-factor parameter, 0 < v < 1. The overall
update magnitude is controlled by a learning-rate parameter 0 < 1 < 1. In the particular case
that s’ is a terminal state, its exploration value is always defined as 0.

To complete the model specification, we define the policy as derived directly from these explo-
ration values. We use a standard softmax policy, in which the probability of choosing an action
a in state s is given by:

BE(s0)

m (als) = ) (2)

where 8 > 0 is a gain parameter. A gain value of § = 0 corresponds to random exploration,
with all actions chosen at equal probability, while a positive gain corresponds to (stochastically)
preferring actions associated with a larger F-value (and hence higher uncertainty).

Conceptually, this model is similar to standard RL algorithms (specifically the SARSA algroithm,
Rummery and Niranjan, 1994) that are used to account for operant learning in animals and
humans. There, a similar update rule is used to learn the expected discounted sum of future
rewards (and a similar rule is assumed for action-selection). Therefore, similar cognitive mech-
anisms that account for operant learning, can account for this type of directed exploration (at
least to the extent that standard RL models are indeed a good descriptions of operant learning;
see Mongillo et al., 2014; Fox et al., 2020).

To gain insight into the properties of the E-values, we consider first the case of “infinite”
discounting, namely v = 0. In that case, the update rule of Equation 1 becomes:

E(s,a) < (1—n) E(s,a) (3)

and hence, after n visits of (s,a), the associated E-value is E (s,a) = (1 —n)", such that
—log E o< n.! In other words, when v = 0, and long-term consequences are completely ignored,
the E-value is effectively a visit-counter.

When v > 0, the change in the value of E (s,a) following a visit of (s,a) is more complex.
In addition to the decay term, a term that is proportional to E (s',a’) is added to E (s,a).
Notably, £ (s',a’) depends on the number of past visits of (s, a’), (as well its own future states
(s”,a") and so on). Consequently, the number of actual visits that is required to reduce the
E-values by a given amount is larger in state-actions leading to many future states than in
state-actions leading to fewer future states. In that sense, the F-values are a generalization of
visit-counters.

Finally (and regardless of the value of ), the softmax policy of Equation 2 favors actions asso-
ciated with larger E-values. Because choosing these actions will generally lead to a reduction
in their associated E-values, the result will be a policy that effectively attempts to equalize the
E-values of all available actions (within a given state). In the case of v = 0, this will result
in a preference toward those actions that were chosen less often. In the case of v > 0, it will
result in a preference that is also sensitive to (the number of) future potential states reachable
through the different actions.

To conclude, the model therefore encapsulates the three principles identified in human be-
havior — it propagates information to track long-term uncertainties associated with individual

hecause n < 1, we have that log (1 —n) < 0.
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state-actions, it temporally discounts future exploratory consequences, and it uses estimated
uncertainties to derive a behavioral policy.

Directed-exploration in the maze task

We now return to the maze task and study the behavior of the model there. In state Mg,
where the F-values correspond to visit-counters, the attempt to equalize the E-values will
result in a bias against repeating the same action, yielding a low prepeat Value and on average,
a uniform policy. To demonstrate this, we simulated behavior of the model in the 3 conditions
of Experiments 1. Indeed, as depicted in Figure 6a, the values of pyepeat in the simulations were
smaller than chance-level. Unlike the population of human participants, simulated agents are
more homogeneous, as reflected in the narrower histograms of prepeat. This is due to the fact
that the model is designed to perform directed exploration, that is, to model the behavior of
the “good” directed explorers. Nevertheless, the model can also produce random exploration if
the gain parameter is set to 5 = 0 (see also Discussion).

More interesting is the behavior of the model in state S. The larger ng, the smaller will be
the decay of E (s = S,a = right) per a single visit of (s = S, a = right). Therefore, the model
will tend to choose “right” more often (pr > 0.5), a bias that is expected to increase with ng.
Indeed, similar to the behavior of the “good” human explorers, the simulated agents exhibited
a preference towards “right” in S, a preference that increased with ng — ny (Figure 6b).

The model is sensitive to long-term consequences because it propagates future uncertainty, from
the next visited state-action back to the current state-action. This future uncertainty, however,
is weighted by 7 < 1, such that the effect of further away states on E (s,a) is expected to
decrease with distance. In the environments of experiment 2, where we manipulated the depth
of My (relative to S), this will result in a decrease of the bias (pgr) at S, as demonstrated in
Figure 6c.

Because the policy in the model is derived from the E-values, the temporal pattern of ex-
ploration is expected to be transient. In the first episodes, when E (s =S,a =right) =
E (s = S,a = left), the result is pg = 0.5. With sufficient learning, exploration values of all
visited state-actions decay to 0 and in this limit, pr = 0.5 as well. Therefore, we expect the
learning dynamics to exhibit a transient increase in bias, followed by a decay back to chance
level. This is demonstrated in Figure 6d where we plot pg (t), averaged over the simulations of
the model in all six conditions of Experiments 1 and 2.

Qualitatively, the transient dynamics resemble the experimental results (Figure 5b). However,
there are two important differences. First, while the human participants exhibited what seems
like a steady-state bias even at the end of the experiment, pg in the model decays to chance level.
As discussed above, the decay to chance in the simulations is expected because exploration in
the model is uncertainty-driven. In the framework of this model, steady-state exploration can
be achieved if we assume that ( is not stationary, but rather increases over episodes. However,
we hypothesize that to capture this aspect of humans’ exploration, we may need to go beyond
this class of uncertainty-driven models. Second, the transient dynamics of the model are longer
than that of the human participants. While the learning speed in the model is largely controlled
by the learning-rate parameter 7, the value of 17 cannot by itself explain this gap. This is because
in the model 7 < 1, and the dynamics cannot be arbitrarily fast. Particularly, in the simulations
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Figure 6: Simulations results. Simulating behavior of the E-values model (Equation 1-2) reproduces the
main findings of directed exploration in the maze task. (a) In Mg, the model exhibits directed exploration which
manifests in low values of prepeas (shown for the 3 conditions of Experiment 1; dashed line denote chance-level
expected for random exploration, 1/ng) (b) In the environments of Experiment 1, agents exhibited bias towards
Mg that increased with imbalance of ng : ny, reflecting the propagation of long-term uncertainties over states.
(c) In the environments of Experiment 2, the bias decreased with depth, reflecting temporal discounting.
(d) Bias towards Mp peaks transiently, followed by a decay to baseline at steady-state, as expected from
uncertainty-driven exploration (average results over all 6 environments). Results are based on 3,000 simulations
in each environment. Bars and histograms in (a)-(c) are shown for the first 20 episodes for comparison with the
behavioral experiments. Error bars are negligible and therefore are not shown. Model parameters: n = 0.9, 5 =
5,7 = 0.6.

of Figure 6d we have used a large learning-rate of n = 0.9, but learning was still considerably
slower compared to human participants. We further discuss the issue of learning speed in the
next section.

Learning dynamics: 1-step updates and trajectory-based updates

To learn to prefer “right” in S, the agent needs to learn that this action leads, in the future,
to Mg, which from an exploratory point of view is superior to M. This kind of learning of
delayed outcomes is typical of RL problems, in which the agent needs to learn that the value
of a particular action stems from its consequences, which can be delayed. For example, an
action may valuable because it leads to a large reward, even if this reward is delayed. In the
RL literature this is known as the credit assignment problem, because during learning, upon
observing a desired outcome (in “standard” RL, getting a large reward; here, arriving at Mg),
the agent needs to properly assign credit for past actions that have led to this outcome.

RL algorithms typically address the credit assignment problem by propagating information
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about the reward backwards through sequences of visited states and actions (Sutton, 1988;
Watkins and Dayan, 1992; Dayan, 1992). According to some RL algorithms, the information
about the reward propagates backwards one state at a time. By contrast, in other algorithms, a
trace of the entire trajectory is maintained, allowing the information to “jump” backwards over a
large number of states and actions. We refer to these alternatives as 1-step and trajectory-based
updates, respectively.

The FE-values model can be understood as an RL algorithm that propagates visitations infor-
mation (rather than reward information). Specifically, it uses 1-step updates (Equation 1) such
that with each observation (a transition of the form s,a,s’,a’) only immediate information,
from (s',a’), is used to update the exploration value of (s,a). With 1-step updates it takes time
(episodes) for information from Mpg to reach back to S. We hypothesized that this reliance
on 1-step updates might be an important source for the difference in learning speed between
the model and humans, who might use more temporally-extended learning rules. To test this,
we considered an extension to the exploration model in which E-values are learned using a
trajectory-based update rule. Technically, this corresponds to changing the TD algorithm of
Equation 1 to a TD (A) algorithm (see Methods, Algorithm 1). Simulating this extended model
we found that, similar to the original model, it reproduces the main experimental findings
(Figure S1, compare with Figure 6). Moreover, as predicted, learning is faster than that the
learning in the original model (Figure S1d, compare with Figure 6d). Nevertheless, even this
faster learning is still slower than the rapid learning observed in human participants, suggesting
further components of human learning that are not captured by either of the models (we get
back to this point in the Discussion).

Another way of distinguishing between 1-step and trajectory-based updates is to consider the
predictions they make in Experiment 2. Recall that the three conditions in Experiment 2 differ
in the delay (in the sense of number of states) between S and Mpg. If information (about the
exploratory “value” of Mpg) propagates one step at a time, then the time it takes to learn that
“right” is preferable in .S will increase with the delay: it will be shortest in Condition 1, in which
Mpg and M7, are merely one step ahead of S, and longest in Condition 3, in which Mg and M,
are three steps away from S (Figure 7, top left). By contrast, if information about Mg and M,
can “‘jump” directly to S within each episode, as in trajectory-based updates, learning speed
will be comparable in all three conditions (Figure 7, top right). A more thorough analysis of
the model dependence on the parameters v and A is depicted in Figure S2. Finally, Figure 7
(bottom) depicts the learning dynamics of the “good” human explorers, analyzed separately
in the three conditions of Experiment 2. We did not find evidence supporting the hypothesis
that learning time increases with depth. These results further support the hypothesis that
human learning relies on more global, temporally-extended update rules in which information
can ‘jump” backwards over several states and actions.
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Figure 7: 1-step backups and trajectory-based updates. Learning dynamics simulated by the E-values
model using the 1-step backup learning rule of TD (0) (Equation 1-2; top left) and the trajectory-based learning
rule TD () (Methods, Algorithm 1; top right) in the 3 environments of Experiment 2. With TD (0), the depth
of Mg relative to S (depth = 1,2, 3) affects both the peak value of pg (¢) (due to temporal discounting) and
the time it takes the model to learn (due to the longer sequence of states over which the information has to be
propagated). By contrast, with TD (\), different depths result in a different maximum bias (due to temporal
discounting), but the learning time is comparable (because information is propagated over multiple steps in
each update). For the same reason, learning is overall faster with TD (A). In humans (bottom), peak bias
decreased with depth (consistent with temporal-discounting), but there was no noticeable difference in learning
speed (consistent with trajectory-based updates). Learning curves of human participants are shown with a
moving-average of 3 episodes. Dots and shaded areas denote means and 70% confidence intervals of pg (t).
Model results are average over 30,000 simulations; model parameters: 7 = 0.9, 3 =5, v = 0.6, and A = 0.6 (for
the TD (A) model).
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Discussion

Exploration is a wide phenomenon that has been linked to different aspects of behavior, includ-
ing foraging (Mobbs et al., 2018; Kolling and Akam, 2017), curiosity (Gottlieb and Oudeyer,
2018), and creativity (Hart et al., 2018). In this study, we focused on exploration as part of
learning. For that, we use the framework of RL, in which exploration is an essential component.
Particularly, we study the computational principles underlying human exploration in complex
environments — sufficiently complex such that exploration per se requires learning, due to de-
layed and long-term consequences of actions. Our approach builds on the analogy between the
challenges of learning to explore, and the challenges of learning to maximize reward — the latter
being the standard RL scenario. In both cases, the agent needs to represent information, prop-
agate it, and use it to choose actions. In the former case it is information about uncertainty
and in the latter it is information about expected reward.

We found that while exploring in complex environments, humans are sensitive to long-term
consequences of actions and not only to local measures of uncertainty. Moreover, such long-
term exploratory consequences are temporally-discounted, similar to the discounting of future
rewards. Finally, the dynamics of exploration is consistent with the predictions of uncertainty-
driven exploration, in which directed exploratory behavior peaks transiently, and then decay
to a more random exploration (supposedly when most of the uncertainty have been resolved).
To account for these experimental results, we introduce a computational model that uses a
RL-like learning rule implementing the aforementioned principles. In the model, information
about state-action visits, rather than about reward as in standard RL algorithms, is being
propagated (and discounted) over sequences visited state-actions. This results in a set of
“exploration values” (analogous to reward-based values) which are then used to choose actions.

Directed exploration beyond bandit tasks Previous studies have identified some com-
ponents of directed exploration in human behavior using bandit tasks (Wilson et al., 2014;
Gershman, 2018, 2019), particularly, the use of counter-based methods such as Upper Confi-
dence Bounds (UCB, Auer et al., 2002). Going beyond the bandit, we were able to show that
these counter-based strategies might be a special case implementation (appropriate for bandit
tasks) of more general principles. To study and identify these principles, it is therefore neces-
sary to test human exploration in environments that are more complex than the bandit task.
Indeed a more recent study have shown that more general principles might underlie human
exploration, both random and directed, in sequential tasks (Wilson et al., 2020). However,
unlike our experiments, in that study actions did not have long-term consequences in the sense
of state transitions. Finally, the necessity of going beyond simple bandit tasks is not unique
to the study of exploration alone. It is present also when studying other components of RL
algorithms underlying operant learning. For example, it is impossible to distinguish in a bandit
task between model-based and model-free RL, because there is no “model” to be learned in those
tasks (Daw et al., 2011).

Non-stationary aspects of exploration While the analogy between learning to explore
and learning to maximize rewards is a useful one, there are some important differences. One
difference is that while in RL, rewards (more precisely, the distribution thereof) are typically
assumed to be Markovian and stationary, exploration has a fundamental non-stationary nature.
This is due to the fact that if exploration is interpreted as part of the learning process, or is
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uncertainty driven, then the exploratory ‘“reward” from a given state-action will decrease over
time, because uncertainty will reduce with visits of that state-action. This non-stationarity
poses a challenge for exploration algorithms. The E-values model circumvents that by assum-
ing a stationary (and constant) zero fictitious “reward”, combined with an optimism bias at
initialization (Fox et al., 2018).

A different solution to the challenge of non-stationarity is to posit an exploration objective
function which is by itself independent of learning. The predictions of the two classes of
models differ with respect to the expected steady-state behavior. In the former, exploration
will diminish over time while in the latter, it will be sustained. The observation that human
participants maintain a preference (albeit relatively small) for “right” even at the end of the
experiment suggests that human exploration is driven, at least in part, by more than just
uncertainty. A more complete characterization of these two components will be an interesting
topic for future work.

Finally, non-stationary components can be incorporated within the context of uncertainty-
driven exploration and the F-values model to account for steady-state exploratory behavior.
For example, a different model might posit that rather than only decaying with visits, F-values
of specific state-actions are also increased with each step in which these state-actions were not
visited. This will lead to a “recency” drive that might be important in non-stationary envi-
ronments, and will promote a non-trivial steady-state exploratory behavior. A more delicate
option has to do with the functional form of the action-selection function. In particular, chang-
ing from softmax to “hard” max (i.e., greedy E-value) will lead to a convergence to a non-trivial
steady-state policy. The intuition is that while all E-values decay to 0, the rate of decay is
different for different state-actions, and a “greedy E” policy converges to the one that attempts
at equalizing these rates for different actions (within each state separately). Practically, this
can also be achieved by gradually increasing the gain parameter 5 as a function of time.

Pure-exploration and the role of reward It has been long argued that at least part of
human and animal behavior is driven by intrinsic motivation, which is largely independent of
external rewards (Oudeyer and Kaplan, 2009; Barto, 2013). Pure exploration tasks can be
used to characterize aspects of such intrinsic motivation. In this study, the “desire” to visit
less-visited states is one such intrinsic motivation factor. Additional factors that are based on
information-theoretic quantities (Still and Precup, 2012; Little and Sommer, 2014; Houthooft
et al., 2016) or prediction errors of non-reward signals (Pathak et al., 2017; Burda et al., 2019)
have also been proposed in the literature. While many of these will, in general, be correlated,
and hence difficult to identify experimentally, we believe that future studies of pure-exploration
in complex environments will allow to better relate these concepts, mostly discussed in the
theoretical and computational literature, to the learning and behavior of humans and animals.

To dissect the exploratory component of behavior, we focused on a pure-exploration, reward-
free task. This allowed us to neutralize the exploration-exploitation dilemma, focusing on the
unique challenges for exploration itself. More generally, we expect the identified exploration
principles to be relevant also in the reward maximization scenario. Indeed, it has been shown
theoretically and empirically that the naive use of counter-based methods (or other “local”
exploration techniques) can be highly sub-optimal for learning an optimal policy (in the re-
ward maximization sense) in complex environments (Osband et al., 2016a,b; Chen et al., 2017;
Fox et al., 2018; Oh and Iyengar, 2018). How humans deal with the exploration-exploitation
dilemma in complex environments is an important open question.
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Implications for neuroscience Algorithms such as TD-learning hold considerable sway
in neuroscience. For example, it is generally believed that dopaminergic neurons encode re-
ward prediction errors, which are used for learning the “values” of states and actions (Schultz
et al., 1997; Glimcher, 2011, but see also Elber-Dorozko and Loewenstein, 2018). More recent
studies suggest that in fact, the brain maintains a separate representation of different reward
dimensions (Smith et al., 2011; Grove et al., 2022). Given that our formalism of uncertainty
(E-values) is identical to that of other types of value, it would be interesting to test whether
the representation of uncertainty in the brain is similar to that of other reward types. For
example, whether dopaminergic neurons also represent the equivalent of E-values TD-error.
Along the same lines, it would be interesting to check whether the finding that dopaminergic
neurons encode what seems to be reward-independent features of the task (Engelhard et al.,
2019) can be better understood assuming that uncertainty is a reward-like measure.

Heterogeneity There was a substantial heterogeneity among participants in both Exper-
iments 1 and 2. We used this heterogeneity to divide participants into “good” and “poor”
explorers in terms of the “directedness” of their exploration. However, this division is some-
what crude. For example, while bias in favor of Mgz was smaller in the “poor” explorers, it
was still larger than the baseline level of 0.5 predicted by a true random exploration behav-
ior (Figure 5a). This separation can be understood as a first approximation, highlighting the
more prominent source of exploratory behavior at the individual subject basis. Moreover, even
within the “good” explorers, there was considerable variability. Heterogeneity in the parameters
of the computational model can, perhaps, explain some of the heterogeneity, but parameters
variability alone (within the E-values model) certainly cannot explain all of the heterogeneity in
participants’ behavior. For example, consider again the division to “poor” and “good” directed
explorers. In principle, such a division could be modeled through the gain parameter 5, with
random explorers having a value of 5 = 0 (and directed explorers a value of 5 > 0). Even with
random exploration, the model prediction for prepeat is 1/ng. By contrast, many participants
exhibited values of prepeat larger than this chance-level, all the way up to prepeat = 1. Similarly,
considering behavior at S as measured by pgr, no combination of model parameters predict
pr values which are smaller than 0.5. This is because even random exploration will result in
pr = 0.5. Values of pgr that are close to 1 are also impossible in the model, because they imply
under-exploration of the left-hand-side of the maze. Yet some human participants exhibited
extreme (close to 0 or 1) values of pg. Other factors, such as (task-independent) choice bias
(Baum, 1974; Laquitaine et al., 2013; Lebovich et al., 2019) and tendency to repeat actions
(Urai et al., 2019) are likely to contribute to participants’ choices.

Learning speed Another limitation of the model is the gap between the learning speed of
human participants and the learning speed of the model. Overall, humans learned considerably
faster than the model, even with a large learning-rate. On average participants exhibited a
bias as soon as the 3™ episode, which is faster than the theoretical limit possible for the TD(0)
model in this task. While some of this discrepancy can be attributed to the model’s reliance on
1-step backups, it is noteworthy that even in comparison with TD(\), humans’ learning is faster
than the that of the model. The rapid learning in humans suggest mechanisms that go beyond
simple model-free learning as implemented in our models. In our model, the fact that “right”
is favorable can only be learned implicitly, by actually visiting more unique states following
Mp (compared to Mp). This is because the only information that is available to the agent is
the identity of states and actions, but the number of available actions was not included as an
explicit feature in the state representation available for the agent. By contrast, a single visit of
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both My an My, is likely sufficient for humans to learn that the number of doors in My is larger
than in M, a fact which can by itself bias their following choices in favor of ‘“right”. Indeed
by using this (possibly salient) feature, of the number of doors, as an explicit part of the state
representation, one could infer that Mpg is more favorable over M, already after 2 episodes even
with model-free learning. While such strategy is not as general as the computational principles
encapsulated by our models, in the specific task at hand it will be rather effective. The ability
of humans to rapidly form and utilize such heuristics and generalizations is likely an important
part of their ability to rapidly adapt and learn in novel situations. The interplay between basic,
more general-purpose, computational principles, and heuristic, more ad-hoc, principles remains
an important challenge for computational modeling in the cognitive sciences.

Generalization, priors, and “natural” exploration The goal of this study was to identify
computational principles underlying exploration in a “general” setting. To that goal, we used a
task in which the semantic content attached to states was minimal, with no a-priori indication
of any structure (temporal, geometric, spatial, etc.) of the state-space. The motivation behind
this design was to de-emphasize, as much as possible, behavior components stemming from par-
ticipants’ prior knowledge and generalization abilities, and focus on core exploratory strategies.
This also justified the models that we used: general-purpose, simplistic, learning models that
operate on an abstract notion of states and actions. On the other hand, the abstract design of
the task limits its applicability to more realistic tasks and natural behavior. Indeed in complex
environments, it has been demonstrated that humans rely largely on both priors and generaliza-
tions to achieve efficient learning and exploration (Dubey et al., 2018; Schulz et al., 2020). How
such priors, semantic knowledge, and generalization interact with more abstract and general
principles of exploration and decision-making is an important open question. Notably, we have
found that humans are capable of performing directed exploration of complex environments
even in the absence of a readily-available semantic structure to guide their exploration. This is
in contrast to the recent work of Bréndle et al. (2022), that demonstrated directed exploration
(interpreted as driven by the information-theoretic quantity of empowerment) in complex en-
vironments with available semantic structure, that was not observed in a structurally identical
task where the semantic structure has been masked.

The role of computational models in studying human exploration The FE-values
model(s) are inconsistent with some important features of human behavior, most notably (as
mentioned before) learning speed. We therefore believe that an attempt to fit the model
parameters using the collected data is misleading. This, however, does not imply that the model
is useless. We view the role of our theoretical model as a mathematical, algorithmic (and hence,
concrete) manifestation of the psychological principles (which are inevitably more vague and
open to interpretation) that we hypothesized to be underlying human exploration. As such, the
model is viewed as a theory that can qualitatively reproduces key aspects of human behavior
in this task, from a set of minimal, well-understood, and theoretically justified, computational
principles. The failure modes of the model are just as informative, as they provide insight into
aspects of human behavior that cannot be explained by these principles alone, at least in a
generic manifestation.
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Methods

Online experiments and data collection

The study was approved by the Hebrew University Committee for the Use of Human Sub-
jects in Research. Participants were recruited using the Amazon MechanicalTurk online plat-
form, and were randomly assigned to one of the conditions in each experiment. Participants
were instructed to “understand how the rooms are connected”, and were informed regarding
the test phase: “At the end of the task, a test will check how quickly can you get from
one specific room to a different one.”. The training phase of the experiment consisted of
120 trials, corresponding to 20 episodes. Between 20% to 30% of participants (depending
on the experiment and condition) performed a longer experiment of 250 trials corresponding
to 42 episodes, but for these participants only the first 20 episodes were analyzed. The end
of each episode (reaching the terminal state T') was signaled by a message screen (“Youv’e
reached a dead-end room, and will be moved back to the first room”). After the training
episodes, there was a test phase in which participants were asked to navigate to a target
room in the minimal number of steps possible, starting from a particular start room (which
was not the initial state S). An online working copy of the experiment can be accessed at:
https://decision-making-lab.com/1f/eee_rep/Instructions.php .

For each participant, we recorded the sequence of visited rooms (states) and chosen doors (ac-
tions), in the train and test phases. No other details (including demographics details, question-
naire, or comments about the experiment) were collected from participants. Test performance
was used as a criterion for filtering. Out of the total participants who finished the experiment
(i.e., finished both training and test phases), we rejected those who did not finish the test
phase in a number of steps smaller than expected by chance (e.g., the expected number of
steps it would take to reach the target by random walk). We also rejected participants who,
during training, did not choose both “right” and “left” at least twice. The test start and target
rooms were identical for all participants, and were chosen as to maximize the difference between
performance (i.e., number of steps) expected by chance to that of the optimal (shortest path)
policy. The number of participants in each experiment is given in Table 1, and their division
into “Good” and “Poor” explorers is given in Table 2.

’ Exp. \ Env. H Completed \ Included ‘

3:4 191 161
1 2:5 174 120
1:6 176 137
d=1 244 191
2 |d=2 269 205
d=3 282 238

Table 1: Number of participants in Experiments 1 and 2.
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’ Exp. ‘ Env. H “good” explorers ‘ “poor” explorers ‘
3:4 66 95
1 2:5 53 67
1:6 71 66
d=1 92 99
2 |d=2 84 121
d=3 85 153

Table 2: Participant groups in Experiments 1 and 2

Estimating policy from behavior

For the average results, we computed for each participant their pr value as the number of
“right” choices divided by the total (and fixed) number of visits to S. Similarly, prepeat Was
calculated for individual participants as the number of visits to Mz in which the chosen action
was identical to the one chosen in their previous visit of Mg, divided by the total visits of Mg
minus one. Note that the total number of visits to Mg was different for different participants,
as it depended on their policy at S. We have used the same measurements for the results of
the model simulations for consistency. Note that, in principle, the model allows to measure the
policy of individual agents (at individual time-points) directly, without the need to estimate it
from behavior (i.e., the generated stochastic choices). To estimate learning dynamics, we can
no longer estimate pg (f) on an individual level, because each participant only made one binary
choice at a given episode. Therefore, we computed pg (t) at the population level, as the number
of participants who chose “right” in the ¢*" episode divided by the total number of participants
(possibly within a particular group, for example only “good” explorers). Alternatively, when
considering specific experimental conditions, we have estimated pg (¢) for individual participants
using a moving-average over a window of 3 consecutive episodes.

Statistical analysis

Confidence Intervals (CI) for pg were computed using bootstrapping, by resampling participants
and choices. Comparisons between different conditions were computed using a permutation
test, by shuffling all participants of the two groups being compared, and resampling under the
null hypothesis of no group difference. With this resampling we computed the distribution of
pr (A) — pr (B) for two random shuffled groups of participants A and B. Reported p-value is
the CDF of this distribution evaluated at the real (unshuffled) groups.

TD ()\) learning for E-values

We start by proving a short, non-technical description of the TD and TD () value-learning
algorithms. The value of a state-action (denoted @ (s,a)), is defined as the expected sum of
(discounted) rewards achieved following that state-action. The goal of the algorithms is to
learn these values. To that end, the agent maintains and updates estimates Q (s,a) of the
true state-action values @ (s,a). In TD-learning, Upon observing a transition (s, a,r, s, a’), the
estimated value (Q (s,a)) is updated towards r + 7Q (s',a’). Crucially, Q (s',a’) is also, on its
own, an estimated value. This usage of (a part of) the current estimator to form the target
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Algorithm 1 TD ()) learning for E-values

Require: Parameters n, \, vy
Initialize F (s,a) = 1 for all s,a
for all episodes do
set € (s,a) =0 for all s,a > eligibility-traces
set 7 = {} > trajectory in this episode
set s to the initial state and choose action a
while s is not a terminal state do
sample the next state and action s, a’
increment ¢ (s,a) < £(s,a) + 1, and concatenate (s,a) to 7
for all (s;,a;) in 7 do

E (s¢,ap) < E (s, at) +ne (s, a0) (VE (8',d") — E(s,a)) > update E-value
e (8¢, a) < YAe (¢, ar) > decay eligibility-trace
end for
s« s, a<+d
end while
E (s,a) < (1 —n) E(s,a) > update in terminal-state

end for

for updating the same estimator is known as bootstrapping. TD learning therefore breaks the
estimation of value — the sum of rewards — into two parts: the first reward, which is taken from
the environment, and the rest of the sum, which is bootstrapped.

It is possible, however, to estimate the values while breaking the sum of rewards in other ways.
For example one could sum the first two rewards based on observations, and bootstrap the rest,
that is, from time-step 3 on-wards. Importantly, this would result in information (about the
rewards) propagating backwards 2-steps in a single update, rather than 1-step. More generally,
breaking the sum after n steps will result in an n-step backup learning rule. It is also possible
to average multiple n-step backups in a single update. The TD ()\) algorithm is a particular
popular scheme to do that: it can be understood as combining all possible n-step backups,
with a weighting function that decays exponentially with n (i.e., the weight given to the n-step
backup is A"~!, where ) is a parameter). With A = 0 the algorithm recovers the standard
1-step backup algorithm, or in other words, TD (0) is simply TD. A value of A = 1 corresponds
to no bootstrapping at all, relying instead on Monte Carlo estimates of the action value by
collecting direct samples (sum of rewards over complete trajectories).?

Equation 1 can be understood as a TD algorithm (specifically, using the SARSA algorithm
(Rummery and Niranjan, 1994; Sutton and Barto, 2018)) in the particular case that all the
rewards signals are assumed to be r = 0, and estimates are initialized at 1. The extended model
(Algorithm 1) is a direct generalization of that correspondence to the TD (\) case.
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Figure S1: Simulations results of TD ()\). Simulating behavior of the E-values model with the TD ())
learning rule (Methods, Algorithm 1) reproduces the main findings of directed exploration in the maze task.
(a) In Mg, the model exhibits directed exploration which manifests in low values of prepeat (shown for the 3
conditions of Experiment 1; dashed line denote chance-level expected for random exploration, 1/ng) (b) In the
environments of Experiment 1, agents exhibited bias towards Mg that increased with imbalance of ng : np,
reflecting the propagation of long-term uncertainties over states. (c¢) In the environments of Experiment 2, the
bias decreased with depth, reflecting temporal discounting. (d) Bias towards Mp peaks transiently, followed
by a decay to baseline at steady-state, as expected from uncertainty-driven exploration (average results over all
6 environments). The learning dynamics is faster than that of the 1-step update model. Results are based on
3,000 simulations in each environment. Bars and histograms in (a)-(c) are shown for the first 20 episodes to
match the behavioral experiments. Model parameters: n = 0.9, 8 = 5,7 = 0.6, A = 0.6.
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Figure S2: Model parameters. Learning curves of the TD (A\) model in the 3 environments of Experiment 2
for different values of v,\ (with fixed n = 0.9, 8 = 5). With infinite discounting (v = 0), future consequences
are neglected, resulting in a uniform (counter-based like) policy with no bias. With no discounting (v = 1),
information from the terminal state T dominates, resulting in a bias towards “right” (since there are more routes
to the terminal states via the “right” branch) that is not dependent of the depth of Mg. For intermediate values
of v, transient exploration opportunities (i.e., in Mpg) becomes important, resulting in a bias towards Mp that
decreases with depth, reflecting temporal-discounting. In this regime, one-step backup learning rule (A = 0)
results in difference learning speed for different depths, while for trajectory-based learning rules (A > 0) learning
speed is comparable for the different depths. Each learning curve is the average of 30,000 simulations.
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Chapter 5

Discussion
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This thesis has focused on the unique challenges of exploration in complex, structured,
environments. A particular emphasis was given to the fact that in such environments,
the long-term exploratory consequences of actions matter, and should be taken into
account — from an algorithmic-theoretical perspective, and from a behavioral perspec-
tive alike. To do that, there is a need for both appropriate models and experimental

paradigms, as well as the conceptual way to connect between them.

The theoretical framework that we have used for approaching these questions here is
Reinforcement Learning (RL), with a particular (though not exclusive) focus on model-
free RL. Model-free methods are conceptually simple, can be relatively easily scaled
to large domains, and have long been used as a minimal model of operant learning in
the behavioral sciences. Here, we have shown that model-free methods can also be
pushed quite far in the context of exploratory tasks. Specifically, they can be used to
form useful measures of uncertainty for directed exploration in complex environments
(Chapter 2), as well as learn and generate non-trivial exploratory behaviors in the com-

plete absence of external rewards (Chapter 3). Even more so, they provide successful
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predictions for human behavior in structured exploration tasks (Chapter 4).

Yet, model-free methods are by no means the end of the story. From an algorithmic
perspective, model-free methods can be slow, and suffer from large sample complex-
ity. One potential reason for that is that a model-free algorithm only uses reward
observations for learning, which are typically sparser, and of a much lower dimen-
sion, compared to state observations which are used for model-based learning (Recht,
2019). Moreover, they are inherently limited in their generalization ability, for ex-
ample when the reward structure changes but the environmental dynamics remain
unchanged (Dayan, 1993). Building artificial agents that can learn abstract or “latent”
models directly from sensory observations, and use them for planning and reasoning,
remains a frontier topic in RL and Artificial Intelligence in general (Ha and Schmidhu-
ber, 2018; Hafner et al., 2019; Moerland et al., 2020; LeCun, 2022).

From a cognitive perspective, simple model-free methods are also an incomplete de-
scription of learning and behavior. Indeed, the fact that animals can generalize and
plan based on their prior experience has historically been an important argument for
the existence of structured mental representations such as cognitive maps (Tolman,
1948), and today it is well established that RL in humans involves model-based com-
ponents (Daw et al., 2011). Recent studies further demonstrated the importance of
model-based techniques in accounting for some aspects of human exploration in com-
plex environments, beyond the bandit task (Xu et al.,, 2021; Brandle et al., 2022). It is
worth mentioning that the general question of model-based versus model-free learning
is tightly related to the question of behavior in complex environments. This because
in a bandit task, the two alternatives cannot — in principle — be differentiated, as there
is no “model” of the environment to be learned, other than the rewards model. In the
context of this work, while model-free methods have proved a useful description of hu-
man learning and exploration in complex environments, we interpret the shortcoming
of the model in explaining the rapid learning observed in humans as a strong indi-
cation for mechanisms beyond pure model-free learning (see more in the discussion
section of Chapter 4). Overall, characterizing the role that planning, and model-based
techniques in general, play in human exploration remains an important open topic for

future research.

While we have focused on studying exploration at the behavioral level, the theoretical
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and experimental frameworks developed in this thesis could further inform the study
of the neural basis of exploratory behavior. This, in fact, might be another advantage
of the model-free methods: their conceptual simplicity makes is easier to identify po-
tential neural signatures of their implementation. The ever-increasing development of
experimental technology in neuroscience, which enables the recording of neural activ-
ity in behaving animals and in complex environments (simulated or physical), opens
up new possibilities and opportunities for novel RL theory to inform studies of richer

behaviors than reward maximization alone.

The analogy between reward and “information” (in the broader sense of the term) has
been a recurring theme in this work. It has informed us on multiple levels: from the
conceptual overall problems (of “learning to explore”, and even “planning to explore”),
through the intermediate building blocks (such as specific objective functions, tempo-
ral discounting), to the tools and techniques that can be used (various model-free RL
algorithms, including both value-based and policy-gradient approaches). Recent stud-
ies have further established this analogy more formally, for other behavioral objectives
beyond exploration (Zhang et al., 2020; Zahavy et al., 2021). But despite the usefulness
of this analogy, there are important differences between the problem of learning to
maximize reward and learning to explore. Perhaps most notably are the two issues of

stationarity and ergodicity.

Exploration is inherently non-stationary in the sense that it is often interpreted as part
of a learning process. This poses a technical limitation of applying standard RL algo-
rithms — which often assume a stationary, Markovian environments and rewards — to
the “learning to explore” problem. We have approached this issue from two comple-
mentary angles. First, the E-values method (Chapter 2) relies on tracking the Temporal
Differences learning dynamics itself, without positing an actual “exploration reward”.
This results, technically, in a stationary target for the exploration learning, but comes
at the cost that the steady-state values are trivial (in the sense that they are not sen-
sitive to the environmental structure). The maximum-entropy approach (Chapter 3),
on the other hand, is driven by a stationary objective which will generate a non-trivial
steady-state behavior, but this comes at the expense that learning has to track a non-

stationary (and in some sense non-Markov) “reward” targets.

This non-stationarity is the main reason for our choice of Policy Gradient methods
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to learn the optimal exploration policy, as these methods are somewhat more toler-
ant to violations of the standard MDP assumptions compared to Value-based methods
(Shalev-Shwartz et al., 2016). Indeed, related approaches that build on Policy Gradient
have more recently been proposed by several authors (Zhang et al., 2020; Mutti et al.,
2021; Zhang et al., 2021). Continually optimizing the policy (against a changing “re-
ward” function) can be seen as an alternative to related methods in which the complete
solving of a progression of different MDPs, each with a different (stationary) reward
function, is required (Hazan et al., 2019; Lee et al., 2019; Zahavy et al., 2021). Over-
all, the usefulness of standard RL techniques in solving problems beyond the classical
expected reward maximization raises the question of whether value-based techniques
can also be applied for that purpose. As of writing these lines, this question remains

largely open (though see Geist et al., 2022).

Another, somewhat related, difference between the “standard” reward maximization
and non-standard objectives (such as the maximum-entropy exploration) is in the very
nature of optimality they imply. In virtually all cases — for both reward-maximization
and “non-standard” objectives — the optimization objective is defined in terms of the
visitation distribution (over state-actions) induced by the policy. As such, the objec-
tive is some measure F of the expected behavior, where the “expected behavior” is over
the ensemble average of many trajectories. In the standard RL case, the measure F is
a linear functional, and therefore (due to the linearity of expectation) the problem is
mathematically equivalent to the expectation of the measure F of the behavior. This,
however, no longer holds in the “non-standard” case, for example where F is the en-
tropy functional. In that case, the single-trajectory performance can be, even in ex-
pectation, far from optimal. For example, single trajectories generated by the optimal
exploration policy (in the sense of Chapter 3) do not well-cover the entire state space

of the MDP - it is only the statistical ensemble of trajectories that does.

This formalism is mathematically convenient, as it makes the optimization problem
tractable, particularly in guaranteeing that an optimal solution can be realized by a
fully reactive, Markovian policy (i.e., a memoryless policy that only depends on the
current state). By contrast, requiring optimality on the single-trajectory level is much
more demanding, and reactive Markovian policies are strictly suboptimal in that case

compared to non-Markovian policies (Mutti et al., 2022). From the perspective of hu-
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man (and animal) behavior, this gap is a potential concern, as it is unclear that such
“optimality by ensemble” (as opposed to “optimality on a single expected episode”) is
behaviorally relevant. Indeed, similar issues have been recognized in the broader con-
text of economical decision making (Peters, 2019). This gap suggests that notions of
optimality that do not rely as heavily on Markovian assumptions, in contrast to those
commonly used in RL, might be an important extension for the study of exploration.
For example, theories of optimal foraging which incorporate the idea of diminishing
returns and rely on the Marginal Value Theorem (Charnov, 1976) might better account
for some aspects of natural “exploration” compared to standard RL models (Kolling
and Akam, 2017).
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Consider a wildlife photographer that has just entered a
rainforest that she has never visited. Looking for a good spot for
animal photos, she can spend all her time in the first hideout
that she found, slowly learning which animals visit that spot.
Alternatively, she can consider other locations, which are
potentially better but might also be worse. To identify these
better locations she needs to leave her hideout and walk further
into the forest, thus missing the opportunity to learn more about
the qualities of her first hideout. How should she explore the
forest? How does she explore it? Here we describe the
computational principles and algorithms underlying exploration
in the field of Machine Learning and discuss their relevance to
human behavior.
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“ ... As she gazed, she sniffed and sighed. “The
sea is deep and the world is wide! How I long to
saill’ Said the tiny snail.”

— Julia Donaldson, The Snail and The Whale [1]

Introduction

Whether it is a wildlife photographer in a forest, looking
for a good spot for animal photos or a rat in a subway
station looking for food and shelter, exploring one’s
environment is an essential component of Reinforcement
Learning (RL). In Machine Learning (ML), exploration
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is typically studied in the framework of Markov Decision
Processes (MDPs) [2,3]. MDPs are characterized by
states and actions. Taking an action in a specific state
can result in a transition of the agent to a different state
and the delivery of a reward, with fixed probabilities. The
Markov property dictates that given its current state and
action, the transition to the next state and the delivery of
reward are independent of the agent’s history of states,
actions and rewards. Considering the photographer exam-
ple, she is rewarded for taking good pictures of animals,
whose probabilities depend on her current location
(state). At every time point, she must decide which action
to take, whether to take a photo, or to execute a different
action, for example, to walk or to climb a tree, which will
result in a change of her location. The goal of the agent in
an MDP is to maximize the expected cumulative rewards
(often with some discounting of future rewards). If the
MDP is fully known, there exist efficient algorithms that
can guide the agent to select, in each state, the optimal
action with respect to its goal [2]. However, when the
MDP is unknown, the agent must learn the optimal
mapping from states to actions (‘policy’) by interacting
with the environment. This learning requires exploration,
and how to explore well is an active topic of research in
ML.

Random exploration

To learn about the consequences of the different actions
in the different states, all of the actions in all of the states
must be taken. If the MDP is stochastic, they must be
taken many times (in fact, infinitely many times). This
can be achieved by choosing actions at random. However,
this approach will not only perform poorly with respect to
reward accumulation, learning this way will, in practice,
be highly inefficient. This is because such exploration
does not utilize the knowledge that has already been
gained about the environment. Specifically, a photogra-
pher that has already identified several potentially good
photo locations should give more attention to those spots,
rather than explore spots that have previously proven to
be lean. A standard solution to this problem is to utilize an
estimate of the cumulative rewards following each action
in each state, a quantity known as ‘action-value’, and to
select with a higher probability actions which are associ-
ated with a higher action-value. This results in explora-
tion that is still random, but is no longer uniform. Rather,
it is biased in favor of actions which are deemed better.
The most standard application of this approach in ML is
known as ‘e-greedy’ (Figure la): with high probability
(1 —¢), the agent selects the alternative deemed best
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Random exploration strategies in the 2-armed bandit task.

(a) e-greedy: the alternative associated with the larger action-value (q) is chosen with probability (1—¢) and that associated with the smaller action-
value is chosen with probability ¢, independently of its action-value (compare top and bottom). (b) Softmax: the probability of choice is
proportional to the (scaled) exponentiated action-value. As a result, the probability of choice depends on the specific action-values, and not only
their ranking (compare top and bottom). (c) Thompson sampling: rather than using point estimates of the action-values, the agent estimates the
action-values using probability distributions. In each trial, the agent samples an action-value from each distribution and greedily chooses the
action associated with the largest sampled action-value. As a result, the probability of choice depends not only on the mean of the distribution but
also on its higher moments. Specifically, in this example, an action associated with a smaller mean action-value may be chosen more often than
one with a larger action-value if the variance over its distribution is larger (compare action ’Left’ in Top and Bottom). Estimated actions-values g
((@) and (b)) and their distributions are presented in the rounded rectangles. Black bars’ length depict the probabilities of choice of the
corresponding actions. Top and Bottom panels portray different action-values.

with respect to rewards (greedy). With a low probability
(¢), the agent explores by randomly selecting another
action. Exploration this way, however, does not distin-
guish between the non-greedy alternative actions. There-
fore, a more graded approach, in which alternative actions
that are deemed better are chosen with a higher proba-
bility is often used. Typically, this is achieved using a
‘softmax’ function (Figure 1b), which can be justified as
resulting from constraints on the entropy of the policy [4].
Finally, in Thompson sampling (Figure 1c) the posterior
distributions over action-values are estimated, and actions
are chosen by randomly sampling from these distributions
and greedily choosing with respect to these random
samples [5]. This allows for stochasticity, whose magni-
tude decreases with the certainty in the estimation of the
action-values.

Directed exploration

The goal of exploration is to gain new knowledge. There-
fore, exploration should ideally be directed towards
actions that are more useful in that respect [6,7]. Choosing
an action randomly, or according to its action-value is not
efficient in that perspective. Rather, an agent can more
efficiently explore if it tracks its own past behavior and
chooses actions according to their predicted exploratory

value. Methods that preferentially choose more uncertain
options are termed ‘directed exploration’. A simple way of
keeping track of how ‘well-explored’ a particular action is,
is to use visit counters (Figure 2a). For each action and
state, count how many times this action has been selected
(in the given state) and prioritize actions that were
previously selected less often [8-10]. In recent years,
the concept of visit counters has been extended in several
ways. Most notably, there are (a) techniques to apply
counter-based methods in large or continuous problems
(in which it is unfeasible, or not helpful, to actually ‘count’
visits of individual states) [11°,12,13,14°]; and (b) the
introduction of generalized counters (Figure 2b), used to
evaluate the long-term exploratory consequences of
actions, beyond the immediate, one-step-ahead informa-
tion represented by standard visit counters [14°15].

Tracking its own learning process can also inform the
agent about gaps in its knowledge about the world. A
surprising outcome of an action in a particular state
(relative to what the agent has predicted based on its
past experience) is an indication of missing knowledge
that should drive exploratory choices in that direction. For
example, in many algorithms, the reward prediction error, a
measure of the surprise (with respect to reward)
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Figure 2
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Directed exploration.

In directed exploration, actions associated with more uncertainty are chosen more often. Here we describe a few methods for directed
exploration. (a) Counters: choices are biased in favor of actions that were previously chosen less often. (b) Generalized counters: choices are also
biased in favor of actions that are likely to lead to other actions that were previously chosen less often. (c) Surprise: choices are also biased in
favor of actions that yielded surprising results. The magnitude of the reward prediction error is one way of measuring ’surprise’. In this example,
choice is biased in favor of the action associated with the larger magnitude reward prediction error, despite it being negative. (d) Optimism:
action-values’ estimates are initialized using a large number. As a result, a greedy choice would initially favor those actions that were previously
chosen less often. Estimated actions-values q, visit counters ¢ and prediction errors Ag; are presented in the rounded rectangles. Black bars’

length depict the probabilities of choice of the corresponding actions.

associated with the outcome of an action, is used to
update the estimated value of the chosen action. This
prediction error can also serve as a signal for guiding
exploration (Figure 2c¢). This is because actions associated
with high prediction error (in absolute value) are ones for
which learning has probably not converged yet and thus
requires further exploration [16,17]. The same logic can
be applied to prediction errors arising in learning of
quantities other than the expected reward, such as the
prediction error for the next state given the current state
and action [18]. Surprisingly, it turns out that even pre-
diction errors arising from learning a fixed, random func-
tion, can be sufficient for successfully guiding effective
exploration [19]. Other methods to quantify and utilize
surprise use information-theoretic quantities such as
information gain to guide exploration [20-22]. Finally, a
popular method for exploration is known as opzimism in the
face of uncertainty [23,24]. The idea is to optimistically

initialize the estimated action-values in the learning
process (Figure 2d). If exploration is directed in favor
of actions that seem more valuable then by construction,
those actions less visited will be favored.

These different methods for directed exploration can be
incorporated in the process of learning in various ways. An
exploration bonus that is based on one of the principles
outlined above can be added to the reward, such that
reward-seeking will result also in exploration [9,11°19].
Alternatively, action-selection can directly incorporate a
term that favors exploration [8,14°]. Finally, these differ-
ent principles can be combined. For example, optimism
in the face of uncertainty can be combined with measures
of uncertainty or missing knowledge such as counters. An
agent can adopt an optimistic belief for actions which
have not been explored enough yet, and trust its unbiased
estimate for actions which have been explored
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sufficiently many times. This approach underlies several
algorithms that are theoretically guaranteed to efficiently
explore [25,26].

Studying exploration in humans using the
bandit task

A most popular paradigm used to uncover the computa-
tional principles underlying exploration in humans is the
bandit task (see for example Refs. [27°,28,29]). A partici-
pant is instructed to repeatedly choose between # alter-
natives (often, # = 2), that are characterized by different
reward-distributions. To uncover exploration in this task,
itis assumed that the participant has estimated the action-
values associated with the different actions and that her
overall objective is to maximize cumulative rewards. An
action that is associated with the largest action-value is
interpreted as reflecting the exploitation of the already-
obtained information, while any deviation from such
greedy behavior is interpreted as reflecting exploration,
whose goal is to add information about the other action-
values. The mapping from action-values to choices has
been measured non-parametrically, revealing that
humans utilize an action-selection function that combines
e-greedy and softmax functions [30°]. Later studies have
revealed that the magnitude of exploration depends on its
usefulness. Specifically, in a ‘horizon task’, in which the
number of remaining trials is large, participants tend to
explore more compared to tasks in which a single trial
remains [31,32].

Several studies have shown that in addition to random
exploration, uncertainty also directs human exploration
[27°,29,33-35]. Developmental [36], genetic [37,38],
imaging [39], pharmacological [40] and transcranial mag-
netic stimulation [41] studies suggest that anatomically
distinct cognitive modules underlie random and directed
explorations. Indeed, directed, but not random explora-
tion is correlated with the extent to which participants
care about future rewards (their temporal discounting
function [32]). Similarly, frequent gamblers exhibit a
specific reduction in directed exploration, but not in
random exploration [42].

By construction, the bandit task cannot address a funda-
mental aspect of exploration — the long-term exploratory
consequences of actions. For example, the photographer
may choose to climb down a tree not because she is
interested in photos associated with the climb, but
because she is interested in moving to a different location
in the forest. Studying this kind of exploration requires
more complex experimental designs (see also below) [43].

Challenges in identifying human exploration in
the bandit task

To relate participants choices to exploration, researchers
typically estimate the action-values utilized by the parti-
cipants (Figure 3a). This procedure implicitly postulates
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that participants indeed compute and utilize action-
values in their learning behavior. However, there is no
guarantee that this is indeed the case [44]. In fact, several
operant learning algorithms that are devoid of any explicit
or even implicit representation of action-values (e.g.
based on policy gradient) (Figure 3b) explain behavior
well in bandit-like tasks [45—47]. It is not even clear how
to define exploratory behavior in the absence of value
representation, as it can no longer be related to choosing
lower-valued options. One may be tempted to identify
stochastic choice with exploration. However, while the
existence of an optimal deterministic policy is guaranteed
in fully observable MDPs, this is not the case when
considering reactive policies in the more realistic partially
observable MDPs (POMDPs) [48,49]. On the other hand,
some exploration algorithms are fully deterministic [14°].

Moreover, in the framework of action-value estimation in
the bandit task, it is typically assumed that the partici-
pants estimate action-values as if they are in a one-state
MDP. However, it is well known that humans ’detect’
temporal structures even in random sequences [50,51].
"This result suggests that participants are likely to utilize a
more sophisticated model than a one-state MDP when
tested in the bandit task (Figure 3c) [45,46]. Indeed,
given the same sequence of outcomes, participants’
behavior critically depends on whether they fully under-
stand the stochastic mechanism that maps actions to
rewards [52°]. The one-state MDP assumption is further
challenged by the fact that in some tasks participants’
behavior is consistent with the belief that they operate in
a non-observable MDP (a POMDP with just one obser-
vation) [49]. Indeed, in many bandit experiments, the
task is not a one-state MDP and the (unknown) reward
probabilities change throughout the task. A recent study
has demonstrated the difficulty in identifying exploratory
behavior in the framework of action-value learning.
Studying choices in a bandit task, it was shown that
the majority of non-greedy decisions is due to limited
computational precision rather than reflecting human
exploration [53°] (Figure 3d).

Finally, the challenge of identifying the model underly-
ing behavior is not unique to exploration. In general, the
internal models participants employ are underdeter-
mined by their behavior [54]. To deal with this issue,
models are compared and their parameters are estimated
using methods such as maximum-likelihood. However,
despite substantial progress, a comprehensive under-
standing of human behavior in the bandit task is still
lacking [55].

Ecological exploration

The #-armed bandit task is relatively easy to model and to
relate to the general-purpose ML algorithms described
above. However, it does not take into account an essential
aspect of human learning and exploration — prior
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Figure 3
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Repertoire of possible mental models.

It is difficult to identify exploration because the participant may utilize (unknown) different models when learning in the two-armed bandit task. (a)
The participant (smiley) may assume that the world is a one-state (So) MDP (Top), learn the two action-values (gold bars) and choose between the
two actions (arrows) using a softmax function (Bottom). This is the model researchers typically use to quantify behavior. (b) However, the
participant may utilize a very different learning model. For example, the participant may learn the policy directly, without estimating action-values.
In this case, it is not even clear how to define exploration. (c) The participant may assume an MDP that is more complex than the true one. She
may also use a different action-selection function. (d) Finally, noise in the action-values’ estimation may be erroneously interpreted as
‘exploration’. This could lead to an underestimation of the slope of the action-selection function. Each model is described in one column, where
the top panel depicts the learning and the bottom panel the action-selection. Gold bars, ship, reading person and scientist are adapted from Ref.

[75].

knowledge about the structure of the MDP. Let us
reconsider the photographer example. The photographer
enters the forest, which she has never visited with exten-
sive knowledge about it. For example, she knows that if
she moves left — she will find herself to the left of her
previous state. She knows that if she climbs up a tree, she
will need to climb it down in order to move to a different
location in the forest (unless she is Tarzan). These trivial
facts, which will dominate the photographer’s exploratory
behavior, are typically lacking from the standard ML
algorithms, which were constructed to learn general
MDPs. The dependence of human learning (but not of
machine learning) on such priors has been demonstrated
in an experiment that compared computer-game learning
of humans and machines. Humans learned the game
much faster than machines. However, their learning
ability substantially deteriorated when objects (ladders
for climbing, demons as game-ending enemies) were
masked by re-rendering their pixels. By contrast, the
ML algorithm was insensitive to this manipulation
[56]. Another study demonstrated that participants utilize
spatial cues when learning in a bandit task with a large
number of possible actions [57]. Even infants, the ulti-
mate candidates to be considered as tabula-rasa agents,
have expectations of their environment and insights on its
structure [58,59]. It has been argued that the artificial
environments that are utilized in lab experiments are too
different from ecological-relevant exploration. As a result,
the relevance of the resultant conclusions to natural

behavior is questionable [60]. This lacuna can be
addressed by utilizing more ecologically valid experimen-
tal paradigms [33,43].

Exploration has also been studied in the context of
foraging, which is perhaps ecologically more relevant than
the bandit task [61,62]. The foraging decision is whether
to exploit a current option or explore, looking for a better
one. The experimental design can be similar to that of the
bandit task, but the magnitude or probability of reward
diminishes with the number of times that the alternative
was chosen. Foraging is typically analyzed in the frame-
work of the Marginal Value Theorem [63], which
describes the strategy that maximizes the cumulative
rewards when returns decrease with time spent exploiting
an option. This is because a general MDP that does not
take into account prior knowledge about the diminishing
nature of returns does not seem relevant to human
behavior. This poses a challenge when attempting to
relate contemporary machine-learning exploration algo-
rithms to behavior in these foraging tasks [61].

Finally, people tend to overestimate the probability of
positive outcomes, and underestimate that of negative
outcomes, a phenomenon known as ‘optimism bias’ [64].
This could reflect a biased prior knowledge about the
world. To the best of our knowledge this bias has not been
directly linked to human exploration. It would be inter-
esting to test whether it contributes to human exploration
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in a similar way that ’optimism in the face of uncertainty’
contributes to exploration in ML.

Exploration and curiosity

Broadly speaking, curiosity is often defined as the desire
for information [65-67]. In the framework of RL, curiosity
has been traditionally related to exploration, either by
using exploration as a measurement for curiosity
[35,68,69], or by considering a (model of) curiosity as a
form of an exploratory drive [7,18,20]. While curiosity in
general, as well as other ‘intrinsic’ drives, might be
broader than the notion of exploration in RL contexts
[70,71], some hypotheses about curiosity can be directly
formulated in the language of RL,, and particularly explo-
ration strategies [72]. For example, one theory states that
novel objects create more curiosity [69] while another
theory states that people are more curious about informa-
tion gaps - specific cases of high uncertainty [73,74]. The
first theory is in line with ‘visit counters’ exploration
(Figure 2a), while the second is in line with exploration
that is motivated by prediction-error or information-gain
(Figure 2c¢).

Concluding remarks

Substantial progress has been made in recent years in the
development of algorithms for efficient exploration, and
in understanding the computational principles underlying
human exploration. While bandit tasks have been pivotal
for understanding many aspects of the computational
principles underlying exploratory behavior, they failed
to capture what we view as the major difference between
human and machine exploration — the extensive use of
prior knowledge in human learning. In machine learning,
this prior knowledge is implicitly embedded in the spe-
cific hypothesis classes used for function approximation.
"This prior knowledge, however, is very different from
that utilized by humans, as described above. One excep-
tion may be the weight sharing and local connectivity in
convolutional neural networks, where prior knowledge
about the homogeneity of low-level statistical dependen-
cies in natural images is implemented in the structure and
learning of the network. The difference between humans
and machines may be easy to miss in bandit tasks, butitis
easily seen in more ecological tasks that have a complex
structure [43,61]. Such tasks will not only allow us to more
fully understand human behavior, their focus on prior
knowledge can aid us in creating ML algorithms that
better solve real-life problems.
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